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Abstract 

Let F be a real-analytic Jordan curve in R 3 . Then F cannot bound 
infinitely many disk-type minimal surfaces that provide relative minima 
of area. 



1 Introduction 

Branch points of minimal surfaces have been of interest ever since Douglas and 
Rado solved Plateau's problem in the 1930's, because their solution methods 
proved the existence of minimal surfaces which might in general have branch 
points. It was not until the seventies that the regularity (lack of branch points) 
of solutions providing an absolute minimum of area with given real-analytic 
boundary was proved. Readers not already intimately familiar with branch 
points may want to view the animated pictures posted to the Web at [5] for a 
visual introduction to branch points. One picture of a boundary branch point 
is given here in Figure 1. 

Branch points of minimal surfaces not furnishing a relative minimum of area 
are also of considerable interest, because they are intimately connected with 
the "finiteness problem". It follows (as shown in [2J, p. 121) from the work of 
Bohmc [7 that if a real-analytic Jordan curve T bounds infinitely many disk- 
type relative minima of area, then it bounds an analytic one-parameter family 
of such minimal surfaces, all with the same Dirichlct's integral, which can be 
continued until it either loops or terminates in a branched minimal surface. In 
|27j . it is proved that a loop of disk- type minimal surfaces contains one which 
is not a relative minimum of area. Therefore, to prove that T does not bound 
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infinitely many relative minima of area, we only have to rule out the possibility 
that r bounds a one-parameter family of minimal surfaces u(t, z), terminating 
in a branched minimal surface when the parameter t is zero, and furnishing a 
relative minimum of area for each positive t. Tomi solved the finitcness problem 
for absolute minima of area and real-analytic boundaries |27| in this way, since 
the limit of absolute minima of area is again an absolute minimum, and hence 
has no branch points. But the problem for relative minima has remained open. 
(A discussion of other open problems in this area is given at the end of the 
paper.) 




Figure 1: This is a boundary branch point of order 2 and index 1. A boundary 
branch point of order 2m goes "around" (2m + l)/2 times while going "up and down" 
2m + k + l)/2 times. Could a one-parameter family of surfaces, each of which is a 
relative minima of area, and all with the same Jordan boundary, end in a surface like 
this? 

Suppose we have a boundary branch point; orient the boundary so it is 
tangent to the X-axis with the branch point at origin. Consider the unit normal 
N restricted to the boundary. As the parameter t varies, we do not know a priori 
how N behaves, but at least it must remain perpendicular to the boundary. 
Close to the branch point it must almost lie in the Y Z plane. Most of our 
paper is filled with calculations concerning the possible behavior of N as the 
parameter t goes to zero. 

The finitcness problem for relative minima of area was first attacked in [5] , 
where interior branch points arising as the limit of onc-paramctcr families of 
relative minima were shown not to exist, and in [3], such boundary branch 
points were eliminated under special conditions on T, but not in general; so 
the finitcness problem for relative minima remained open until now, except for 
special boundaries. 

The main line of attack in [2] is an eigenvalue argument, that in the case 
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of an interior branch point, the Gaussian image of u for small positive t must 
include more than a hemisphere, and hence u cannot be a relative minimum of 
area. The reason why it must include more than a hemisphere is the Gauss- 
Bonnet-Sasaki-Nitschc formula, which expresses the total boundary curvature 
as a sum of contributions from the Gaussian area and the branch points. This 
formula implies that as soon as t > 0, the contribution of the branch point 
term to the total curvature when t = must be made up by "extra" Gaussian 
area totaling 2to7t, where 2m is the order of the boundary branch point. For 
boundary branch points, this argument implies that for small positive t, there 
cannot be a neighborhood in the parameter domain on which the Gauss map 
covers more than the upper hemisphere. Near the boundary the normal is 
confined to within 0(t) of the YZ plane, and it seems plausible that the extra 
Gaussian area is contributed in the form of m hemispheres. However, that is 
difficult to prove. The behavior of N could, a priori, be quite complicated. 

The main line of attack in j3j is the calculation of the eigenfunction cor- 
responding to the first eigenvalue. The starting point of this calculation is 
the relation between the second variations of area and of Dirichlct's integral; 
namely, the condition for c\> to belong to the kernel of the second variation of 
area is given by <f> = k ■ N, where k belongs to the kernel of the second variation 
of area|^| The "tangent vector" k = u t can be shown to be a "forced Jacobi 
direction" associated with the branch point; these are purely tangential, so as 
a function of the parameter t, the eigenfunction goes to zero. We calculate how 
the eigenfunction behaves on the iw-plane, that is, on a region near the origin 
that shrinks to zero as t 1 . The leading term in t of this function is a harmonic 
function in the iw-plane which inherits from the eigenfunction the property that 
it must have only one sign in the upper half plane. Using this property, we are 
able to derive additional information about the behavior of TV near the origin. 

In this paper, we go over the eigenfunction calculations again, for two rea- 
sons: First, in [3] we failed to include a term allowing for the possibility that 
there might be branch points in the lower half plane for t > that might con- 
verge to the origin as t goes to zero. Second, we now simplify and improve the 
eigenfunction analysis. 

We analyze the way in which the zeroes (t) of the function / in the Weier- 
strass representation approach zero as t goes to zero. These go to zero asymp- 
totically in this way: cn(t) = ait 1 , for some 7. Possibly some of the a, go to 
zero faster than others; we group the at into "rings" , each ring containing the 
roots that go to zero with the same power of t. In the vicinity of (some of) 
these di the Gauss map of u* for t > must contribute enough Gaussian area 
to make about 2m7r "extra" Gaussian area, which will disappear in the limit to 
account for the branch point term in the Gauss-Bonnct-Sasaki-Nitsche formula. 
Consider the behavior of the normal N on the boundary near the point where 
the branch point is when t = 0. The normal must be perpendicular to the 

1 Note that <j> is a scalar, because with area it is enough to consider normal variations given 
by u + <pN. On the other hand k is a vector since the second variation of Dirichlet's integral 
is defined as a Frechet derivative in the space of (vectors defining) surfaces u. The theorem 
that <j> = k • N is proved in [2]. 
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boundary, so it is confined to the vicinity of the YZ-plane if we take T to be 
tangent to the X-axis. But its behavior there might be quite uncontrollable, 
and moreover, several of the a, can be associated with the same c^. 

In this argument there is another difficulty: the terms calculated for the 
eigenfunction might all cancel out, leaving the true cigcnfunction hidden in the 
error terms. This is the case we call "if constant", since the eigenfunction is 
the imaginary part of if. It turns out that the main difficulty is to rule out 
this case. To do so, we first calculate exactly what the eigenfunction must look 
like in case if is constant. Then, we are able to show that if if is constant, no 
Gaussian area is contributed on the outermost "ring" of roots. We then "chase 
the Gaussian area" from one ring of roots down to the next, each time moving 
to a higher power of t and showing that if the terms in the eigenfunction cancel 
out to that power of t, then no Gaussian area can be contributed by the roots 
in that ring. But since somewhere we must pick up 2mi: in extra Gaussian area, 
if cannot be constant "all the way down" . Once that is proved, we can show 
that in fact it must not be constant on outermost ring, and all the roots go to 
zero with the same power of t. 

At that point, the proof is half complete. We still must deal with the case 
when if is not constant. But our analysis of the eigenvalue and the behavior 
of the eigenfunction near the ct^ tell us that each is contributing exactly 
one hemisphere of Gaussian area. To finish the proof, we analyze the behavior 
of the eigenfunction for large w, where the surface is u(z), and z = Vw. It 
turns out that the crucial issue here is whether fe/(2m + 1) is an integer or 
not, where k is the index and 2m is the order of the branch point. If it is 
an integer, then the eigenfunction will have two signs in the upper half-plane, 
which is a contradiction. We are able to show that it must be an integer, by 
analyzing the behavior of the surface on the boundary near origin in two ways: 
once using the Wcicrstrass representation, and twice using the paramctrization 
of the analytic boundary curve. Comparing the results of these two analyses we 
find that k/(2m + 1) is an integer, which completes the proof. 

There is an appendix giving a "Dictionary of Notation" , in which we list 
the symbols that are used in more than one section of the paper, and give a 
reminder of their definitions, as an aid to the reader. 

We note in passing that as of yet, nobody has produced an example of a 
real-analytic Jordan curve bounding a minimal surface with a boundary branch 
point, although Gulliver has exhibited in [14] a surface with a C°° boundary 
and a boundary branch point. The experts I have asked all believe that they can 
exist, but an example is still missing. Also, it is not known whether Gulliver's 
example is area-minimizing or notjj 

I am grateful to Daniel Wienholtz, Fritz Tomi, Tony Tromba, and Joel 
Spruck for fruitful discussions of the subject, and to Wienholtz and Tomi for 
their attention to my earlier work on this problem. Special thanks go to Fritz 

2 Wienholtz has used the solution of Bjorling's problem f [10], page 120) with boundary 
values r(i 3 ) where T is a regular paramctrization of a real-analytic arc, and a suitably specified 
normal, to produce examples of a minimal surface partially bounded by a real-analytic arc 
which is not a straight line segment, with a branch point on the arc. 
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Tomi for his careful reading of several preceding versions. 



2 Preliminaries 



By a real-analytic arc, or real-analytic Jordan curve, we mean an arc or curve 
that can be parametrized as a real-analytic function of arc length. We will 
consider surfaces bounded by a real-analytic Jordan curve T. We suppose that 
T passes through the origin tangent to the X-axis, and that u takes the portion 
of the real axis near origin onto T, with u(0) = 0. We still are free to orient the 
Y and Z axes. We do this in such a way that the normal at the branch point 
(which is well-defined) points in the positive Z-dircction. With T oriented in 
this way, there will be two integers p and q such that T has a paramctrization 
in the form 

t + 0(t 2 ) 

Cit" +1 



r(r) 



9+1 

C2T" +1 

p+1 



0(r«+ 2 ) 
+ 0{tP+ 2 ) 



for some nonzero real constants C\ and C2. But it is possible to choose r more 
carefully so that we do not have the 0(t 2 ) term in the first coordinate. Let 
t(z) = X(z) = Rci J f — fg 2 dz. Then on the boundary we have 



u(z) 



T(r(z)) 



This parametrization and function t(z) were inspired by Lewy's equation (see 

EH. P- 38). 

Wc therefore have 



T'(r) = 



1 



Cn-9 + 0(t<? +1 ) 
C 2 tP + 0(tP +1 ) 



(1) 



We write u(z) = (X(z),Y(z),Z(z)). We make use of the Ennepcr-Wcicrstrass 
representation of u (see e.g. [10], p. 108) 



u(z) = Re 



Uf-fg 2 dz 
yf + f 9 2 dz 



ffg dz 

where / is analytic and g is meromorphic in the upper half-disk. 

Definition 1 The order of the branch point is the order of the zero of f. The 
index of the branch point is the order of the zero of g. 

The order of a boundary branch point of a solution of Plateau's problem must 
be even (since the boundary is taken on monotonically). It is customary to write 
it as 2m, and to use the letter k for the index. Thus f(z) = z 2m + 0(z 2m+1 ) 
and g(z) = cz k + 0(z k+1 ) for some constant c. 
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The Gauss-Bonnet formula says that for regular surfaces (minimal or not) 



/ 



KW dxdy+ / K g = 2n 



r 



Note that for minimal surfaces, KW is negative. For minimal surfaces with 
branch points, there is another term in the Gauss-Bonnet formula: 



where M is the sum of the orders of the interior branch points and the half- 
orders of the boundary branch points. See [IT], p. 121, or (55], p. 333. 

Since the 1930s it has been known that, if T bounds infinitely many minimal 
surfaces, there is a sequence u n of them converging to a minimal surface u 
bounded by T. We need an "analytic compactness" result that will give us a 
one-parameter family of minimal surfaces instead of just a sequence. Bohme 
[7j and Tromba 29J applied nonlinear global analysis to the theory of minimal 
surfaces. This is deep and beautiful work, and they (as well as Tomi) drew deep 
and beautiful consequences from it, such as [28], but we need only one result 
from it, the analytic compactness result of Bohme: 

Theorem 1 (Bohme) Let u be a minimal surface bounded by a real-analytic 
Jordan curve in R 3 . Then either u is isolated, or there is a one-parameter 
family of minimal surfaces u* defined for t in some interval; u l is analytic in 
both variables simultaneously. 

This is not the most general theorem proved by Bohme. Others are stated 
in [5] and of course in [7], but this one suffices for our purposes. 

The starting point of our work is the following theorem, derived from Bohme's 
theorem using the connections between the second variation of Dirichlet's inte- 
gral and area, the connection between the second variation of area and a natural 
eigenvalue problem, the one-dimensionality of the eigenspace of the least eigen- 
value, and an argument due to Tomi [27| ruling out "loops" in a one-parameter 
family of relative minima. 

Theorem 2 Let T be a real- analytic Jordan curve bounding infinitely many 
relative minimal of area. There there exists a one-parameter family of minimal 
surfaces u , bounded by Y, defined for t in some interval containing 0, such that 
fort > 0, u l is a relative minimum of area, andvP has an (interior or boundary) 
branch point. 

Proof. See 0, p. 121. 

3 On the zero set of real-analytic functions 

Several times in this paper we have reason to consider the zero set of a function 
that is analytic in two variables (one real and one complex). When we refer to 
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a function of a real variable t and a complex variable z as "analytic" , we mean 
it is given by a power series in z and t, so in particular it is real-analytic in t 
for fixed z and complex-analytic in z for fixed t. The following lemma describes 
the zero sets of such functions. 

Lemma 1 Let A be an open subset of R x C containing the point (0,p). Let 
f be a complex-valued analytic function defined on A. Suppose /(0,p) = and 
that for each sufficiently small t > 0, f(t, •) is not constant. Then there exists a 
neighborhood V of (0,p) and finitely many functions Ci such that f(t, c,;(t)) = 0, 
every zero of f in V has the form (t,Ci(t)), and the Ci(t) are analytic in some 
rational power oft, with Cj(0) = p. 

Proof. A classical theorem tells us that the zero set S is locally analytically 
triangulablc. That is, there exist a neighborhood V of (0,p) and finitely many 
closed simplexes and real-analytic homcomorphisms from those simplexes into S 
such that V <1S is contained in the range of those those simplexes. Six references 
for this theorem are given in [2], where the theorem is discussed on page 117. 
The theorem refers to closed simplexes, which means that the homeomorphisms 
in the conclusion are analytic even at the endpoints of intervals or boundary 
points of 2-simplexes. 

If / does not depend on t at all, the theorem is trivial. Otherwise, if / is 
divisible by some power of t, we can divide that power out without changing the 
zero set of /, so we can assume that f(t, •) is not constant for any sufficiently 
small t, including t = 0. Then the dimension of S is one, and S is composed 
of finitely many analytic 1-simplcxes, i.e. analytic paths given by t = dj(r), 
w = Cj(r), where r is the parameter in which a is analytic. If any of these 
simplexes do not pass through the (0,p), decrease V to exclude them. The ones 
that do pass through the (0,p) should be divided into two simplexes, each ending 
at (0,p). Then we can assume that r = corresponds to (0,p), i.e. d,(0) = 
and a (0) = p. We have 

/(di(T),Ci(r)) = 0. 

Since di is analytic and not constant, it has only finitely many critical points. 
Decrease the size of V if necessary to exclude all nonzero critical points of dj. 
Then either di is increasing in some interval [0, b] or decreasing in some interval 
[0,6]. In either case it has an inverse function 4> = dj 1 , so di((j)(t)) = t. If the 
leading term of di is r™, then <f> is real-analytic in t x l n . We can parametrize the 
zero set of / by ci{t) = a(<p(t)), which is real-analytic in t}l n . That completes 
the proof. 

Remark: In applications it will usually be possible to replace the original 
parameter t by i 1 /™, enabling us to assume that the zero set is analytic in t. 

4 Eigenvalues of coverings of the sphere 

In this section we present a result which will be applied to the Gauss map of 
a one-parameter family of minimal surfaces. However, we present it here as a 
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result about conformal mappings from a plane domain to the Riemann sphere. 
We take the "Riemann sphere" to be the unit sphere {(x, y, z) : x 2 +y 2 + z 2 = 1}. 
Stereographic projection St is defined by 



St((xi,x 2 ,x 3 )) 



x\ + ix 2 



l-x 3 



and its inverse is given by 



St" 1 ^) 



1 



2Re z 
2 Im z 




Thus the equator projects onto the unit circle, and the "north pole" (0,0,1) 
projects onto 00, while the southern hemisphere projects onto the unit disk, 
with the south pole going to origin. The picture then has the plane passing 
through the equator of the sphere. We follow [23], p. 46, in these details, and 
we mention them because some other authors use a sphere of radius 1/2, with 
the picture having the sphere entirely above the plane, tangent to the plane 
where the south pole of the sphere touches the origin of the plane. 

Let D + be the upper half of the unit disk. We will consider a one-parameter 
family of analytic mappings from D + to the Riemann sphere. (These arise in 
our work as the Gauss maps of a one-parameter family of minimal surfaces, but 
here we consider a more abstract situation.) We write t for the parameter and 
N(t, z) for the value of the mapping. For brevity we often omit the explicit 
i-dependence and write N(z), or N t (z). Thus TV* is the map N(t, •) from D + 
to the Riemann sphere, for a fixed t. We define g = St o TV. The map TV is 
thus conformal except at the zeros of g' and poles of g of order more than one. 
(These are sometimes known as ramification points of g.) 

We will suppose that for sufficiently small t, the map g is a quotient of 
functions B/A, where B and A are analytic jointly in t and z (in the sense 
explained in the previous section), and that when t = 0, A has a zero of order 
m, and B has a zero of order m + k, for some positive integers m and k. (In 
our work, these arise from a boundary branch point of order 2m and index k, 
but here it is not necessary to be so specific.) 

By Lemma [1] near the origin there exist paths ai(t) and bi(t) describing the 
poles and zeroes of <?, respectively, so that each cij and hi is analytic in a rational 
power of t. Let s be the greatest common divisor of the denominators of these 
rational powers, and replace t by t 1 ^ . Then dj and hi will be analytic in t. We 
suppose that the parameter t has been chosen such that and bi are analytic 
in t. We also may suppose without loss of generality that for all sufficiently 
small positive t, we have a,(t) ^ bj(t) for all i, j, since otherwise by analyticity 
we would have, for some i and j, ctj(t) = bj(t) for all sufficiently small t, and 
then the factor z — ai(t) could be cancelled out of both A and B. The partial 
derivatives of a quotient of real analytic functions are again quotients of real- 
analytic functions, so the structure of the set of critical points of the real and 
imaginary parts of such a function is also known: it is the union of a finite set 
of real-analytic arcs. 



Let A(t) be the area of the spherical image of D + under N, counting multiple 
coverings. Specifically, we have 



A(t) 



J f + l\VN\ 2 dxdy 
4|fl'| 



D 



(1 + I.9I 2 ) 2 



dx dy 



Associated with a map N defined on a region SI in the plane, there is a 
natural eigenvalue problcm[f| 



A0+ -A|ViV| 2 < 



= 
= 



in SI 
on <9S1 



We denote the least eigenvalue A of this problem by Ajv,n, or simply by An 
when N is clear from the context. (In this work, we have no occasion to consider 
eigenvalues other than the least one.) The factor (1/2) arises because the area 
element on the sphere is (l/2)\WN\ 2 dx dy. The least eigenvalue is well-known 
to be equal to the infimum of the Rayleigh quotient 



RU] = 



J j n \V<j>\ 2 dxdy 
J / n (l/2)|ViV| 2 <£ 2 dx dy' 



When we speak of the least eigenvalue An of a region SI on the Riemann sphere, 
we mean the following: Let A be the stereographic projection of SI and N the 
inverse of stereographic projection. Then An := Ajv,a- The eigenvalue problem 
Ac/> — |A| ViV| 2 </> on A is equivalent to the problem A(j> = \<fr on fi, where now 
A is the Laplace-Beltrami operator on the sphere. If SI contains the north pole, 
we should use stereographic projection from some point not contained in SI. We 
do not need to discuss the case when SI is the entire sphere. 

Example. We compute the least eigenvalue when N(Q) is a hemisphere. In 
this case the eigenfunction in the lower hemisphere is minus the Z-component 
of N. For example with SI equal to the unit disk and g(z) = z, we have N(z) 
the inverse of stereographic projection. With \z\ = r and z = x + iy we have 



N(z) = 



1 



1 + r 2 



2,c 
2y 

^.2 



The eigenfunction <fi is given, with \z\ = r, by 



(*) = 



1 - r 2 
1 + r 2 



3 As is discussed in [2] and 1221 . p. 103, among many other sources, when N is the Gauss 
map of a minimal surface, this eigenvalue problem is connected to the second variation of 
area. This does not concern us directly in this section. Some readers may be more familiar 
with another form of the eigenvalue equation for which the critical eigenvalue is zero rather 
than 2; both forms are discussed in |22j . p. 103, cf. equations (62) and (62'). 
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A few lines of elementary computations (or a couple of commands to a computer 
algebra program) show that 



AS = 



-6 r 
r 

8(r 2 - 1) 



2 ] '■'> 



and 



(1 + r 2 ) 



I 1 Ar 

-IV7VI 2 = -(iV 2 + iV 2 ) = — 

2 1 1 2 y x y> (1 + r 2 ) 2 

i,™^ 4(l-r 2 ) 

ViV 2 ^ - v ; 



2' r (1 + r 2 ) 3 

Hence, A6 + \ VN\ 2 6 = 0, which means the eigenvalue of a hemisphere is 2. 

Lemma 2 Let be a connected open set on the sphere with least eigenvalue An- 
Suppose A is a region (open set) in the plane and Q C N(A) and iV(<9A)nfi = 6. 
Suppose that boundary of f2 is C 2 and the boundary of A is piecewise C 2 with 
the pieces meeting at positive angles. Then Ajv,a < An, and strict inequality 
holds if N~ 1 d£l contains an interior point of A. 

Remark. Regarding the assumptions on the boundaries, the proof requires that 
the least eigenvalue be the minimum of the Raylcigh quotient, and that the 
gradient of the least cigenfunction of £1 not vanish at any boundary point. The 
hypotheses given imply these conditions but still allow A to be a half-disk. See 

M- 

Proof. Let <j> be the least eigenfunction of VL and define -0 on A by setting 
tp(z) = 4>(N(z)) if N(z) £ Q, else ip(z) = 0. Then ip is admissible in the 
Rayleigh quotient for A, since <j> is zero outside H and N(dA) R Q = <j>. The 
Rayleigh quotient in question is 

J j A \Vj;\ 2 dxdy 

J7 A §|viv|v 

(The factor 1/2 was explained above.) Since O C N(A), on the support of ip, 
N is a covering map (i.e., locally a homeomorphism) , except at the points of 
ramification of N, which are isolated. Since f2 is connected and N(dA) nil — (f>, 
the number of sheets over (cardinality of the pre-image of) N of each non- 
ramification point is the same. Hence each of the two integrals in the (numerator 
and denominator of the) Rayleigh quotient is the number of sheets times the 
corresponding integral on the Riemann sphere, with <j) in place of ip. That is, 
the Raylcigh quotient for tjj on A equals the Rayleigh quotient for on 17, which 
is An- Since A a is the minimum of such Rayleigh quotients, A a < An- Now 
suppose there is an interior point p of A in iV _1 (5fi). By Hopf's lemma, Vcf> is 
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never zero at a point on dfl where the boundary is C 2 . By analyticity, ViV is 
zero only at isolated points; so there is a point q near p which is still on N _1 (dfl) 
at which VN is not zero and Vi[> is not zero. Hence near q, the set N~ 1 (dft) is a 
smooth arc, and Vip is zero on one side of it and bounded away from zero on the 
other side. Hence we can "smooth out the edge" near q to obtain a function tp' 
which is admissible for the Raylcigh quotient and has smaller Raylcigh quotient 
than ip. Hence A a < An- This completes the proof of the lemma. 

Remark. The lemma shows that if the Gaussian image of a minimal surface 
defined in A contains a hemisphere, then the eigenvalue Ajv.a is less than 2. 

5 Basic Setup and Weierstrass Representation 

We suppose we are in the following situation: a real-analytic Jordan curve, not 
lying in a plane, bounds a one-parameter family of minimal surfaces u(t, z). 
The surfaces are parametrized by z in the upper half plane, so that on the real 
line each u(t, •) is a reparametrization of T. The surface u(0, •) has a boundary 
branch point of order 2m and index k at the origin. The surfaces u(t, •) for t > 
are immersed. All our arguments will be local; we shall only be concerned with 
what happens near the origin0 

We suppose that T passes through the origin tangent to the X-axis. Then 
since T is a Jordan curve, it is not contained in a line. We still are free to orient 
the Y and Z axes. We do this in such a way that the normal to u(0, •) at the 
branch point (which is well-defined) points in the positive Z-dircction. 

Finally, we can assume that for all t we have u(0, 0) = 0. If this is not already 
the case, then we can make it so by applying (for each t > 0) a conformal 
transformation that moves u t (0) to the origin. If we do this while using the 
upper half-plane for a parameter domain, then the transformation in question 
is simply the map z \— > z—£(t), where u(£(t)) = 0. £(t) can be found analytically 
in a rational power of t, and we can replace t by a new parameter in which the 
family will be analytic. This assumption will be used Ifor example) to know 
that u can be found on the boundary by integrating u x starting from 0. 

The surfaces u(t, z) have an Enneper- Weierstrass representation 



The branch points of u(t, •) are the places where / and fg 2 vanish simultane- 
ously. In [2] we were concerned with interior branch points only. In that case 
we can argue that since there are no branch points for t > 0, the zeroes of / are 
of even order and coincide with the poles of g, so that / and g have the forms 

4 We do not need to assume that the branch point is a true branch point. We can rule 
out the existence of a one-parameter family of the type considered without that assumption. 
This does not, however, provide a new proof of the non-existence of true branch points which 
are not the terminus of a one-parameter family of relative minima of area. 



r Uf-fa- 

u(t,z) =Rc tff + fg- 

_ ffgdz 



• 2 dz 
■ 2 dz 
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stated in Lemma 3.3 of [5], namely: 



/(*) = fo(z)l[(z 

2=1 

m«) n (* 

9( Z ) = m l=1 

Y[(z-a t ) 

i=l 

However, this lemma was also used in [3], where boundary branch points are 
considered, and the formula was not established in this case. In this paper we 
correctly consider also the possibility that / and fg 2 may have some common 
zeroes Si(t), corresponding to a branch point (or branch points) in the lower 
half plane that converge to the origin as t goes to zero. 

In general we might, a priori, have some common zeroes Sj(i) of / and fg 2 . 
These common zeroes of / and fg 2 could occur with different multiplicities in / 
and fg 2 . Say that Sj occurs with multiplicity rrii in / and rij in fg 2 . We must 
have Im(sj(i)) < for t > 0, since there will be branch points at the Cj, and 
Si(t), like a,i(t) and bi(t), depends analytically on some power of t called t 1 and 
converging to as t approaches 0. 

We define 

S(z) = ]J(z - Si ) min(n *' mi) 
i=i 

Then all zeroes of S are zeroes of / and/g 2 with at least the multiplicity they 
have in S. If Si occurs with a greater multiplicity in fg 2 than in /, the extra 
occurrences are zeroes of g 2 , and hence of g, so n, — m, is even. Similarly, if Si 
occurs with a greater multiplicity in / than in fg 2 , the extra occurrences are 
poles of g 2 , and hence poles of g, so mi — tii is even. We have 

fg 2 2 

so the remaining zeroes of / and fg 2 are double. We can therefore define 
functions A and B, real- analytic in t and complex- analytic in z, such that 

m = a 2 s 

f(z)g 2 (z) = -B 2 S 

, s fg 2 iB 
g( Z ) = T = T 

f(z)g(z) = iABS 

We already define the aj(t) and bi(t) to be the poles and zeroes of g, respectively. 
Let 2 N be the number of zeros of S. (It must be even since the number of zeroes 
of / is 2m and all the zeroes of / besides those of S are double.) Then we can 
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find functions Aq and Bq, real- analytic in t and complex- analytic in z, not 
vanishing at the origin, such that 

m—N 

A(z)=A (z,t) Yl (z-a,i) 

i=l 
m+k-N 

B(z) = i\B (z,t) Y[ (z-h) 
J= i 

and A)(0, 0) = 1, B (0, 0) is real, and |A| = 1 with A ^ -1. Note that the 
common zeroes Si do not enter into the formula for g. In [3J, in effect we 
assumed the s 2 ;, and hence S, do not occur. We can assume A o (0, 0) = 1, since 
we can always change z to a constant times z. The leading term of B(z), namely 
i\Bo(0, 0) is some nonzero complex constant, but because of the presence of A 
in the formula, we can assume B (0, 0) is real. 

Note that with this definition of A and B, some of the ai and/or some of 
the hi may have been defined to be equal to some of the Si, in case Si occurs 
with a greater multiplicity in / than in fg 2 or vice-versa. This is possible since 
these extra occurrences are double, since they occur as roots or poles of g. Each 
branch point Si will either occur as an a^, or as a bi, or neither one (in case its 
multiplicities in / and fg 2 are equal); so it will still be true that a,i{t) is not 
identically equal to bj(t) as t varies, even if the s 2 ; occur and are treated this 
way. 

As we have already remarked, it follows from Lemma [T] that the dj, bi, and 
Si depend analytically on t. Although they all approach zero as t goes to zero, 
some may go to zero faster than others. The roots Oj, bi, and Sj occur in "rings" , 
going to zero at different speeds. Ring 1 contains the principal roots. There is 
a (finite) sequence of powers 71 < 72 < ... such that every root goes to zero 
as V n for some n; we say those roots belong to the n-th ring. Specifically, the 
roots in the n-th ring are those for which there exist nonzero complex constants 
on, Pi, and d such that 

bi = pitZ + 0(P +1 ) 

Si = Ci^ + o(* 7+1 ) 

The roots in the first ring, i.e. those that go to zero as V , arc called the principal 
roots. 

6 The Gauss map and the w-plane 

Suppose that 7 is one of the numbers 7„; that is, 7 is a number such that some 
of the roots a*, bi, or s 2 ; go to zero as t 1 , but not necessarily the least such 
number; thus the principal roots go to zero more slowly that V . It might be 
that 7 = 71, in which case the roots that go to zero as t 1 are the principal roots; 
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but we are also interested in the case when 7 > 71. We introduce notation as 
follows: 

Q is the number of <Zj that go to zero as £ 7 or faster. (2) 
S is the number of Sj that go to zero as t 7 or faster. (3) 
R is the number of bi that go to zero as t 7 or faster. (4) 

Thus if 7 = 71, we have Q = m, S = 2N, R = m + k, and K = k. Recall 
that z = Qi(t) are the zeroes of A and z = bi(t) are the zeroes of B. We will 
generally be considering only one "ring" of roots at a time, and when we speak 
of a.i, Pi, and Q, we have in mind those roots that go to zero as t 1 : 

a, = o^ 7 (l + 0(t)) 

bi = a* 7 (i + o(<)) 

a,; = a 7 (l + 0(t)) 

We will refer to ai, bi, and Si that go to zero as lower powers of t than t" 1 as 
"slow" roots, and those that go to zero as higher powers of t as "fast" roots. 
We have 

m—N 

A = A {t,z) J] (*-Oi(t)) 

i=l 

We introduce a new variable w by z = t 7 w. Then a factor z — a^t 7 becomes 
t^(w — on), and a factor 2 — «ii 7i for 7, < 7 becomes 

t 7 ' (zt 7 ^ 7 - - oj) = t 71 (-Oj + O(i)). 

Thus the slow roots introduce constants and powers of t, and the roots that 
go to zero as V introduce factors containing w — on, and the roots that go to 
zero faster than V introduce factors w(l + 0(t)). All products without explicit 
indices will be understood to be over those roots which are 0{V), and in such 
products (but not elsewhere) we will assume that the oii corresponding to the 
fast roots are zero. Thus Y[( w ~ a i) contains a factor of w for each fast root, 
and the total number of factors is the number of a,; that go to zero as t 1 or 
faster. Define, for the roots that go to zero as t 1 or faster, 

o 

P 

c 

a, 
hi 

Si 

A 
1 

S 
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the product of all the — on over the slow ai 
the product of the —Pi over the slow bi 
the product of the —Q over the slow Q 

a ? :/i 7 

a \\i w ~~ a *) (the product is over i such that ai = 0(i 7 )) 
B p]J(w-bi) 



The tilde indicates t-dependence. When t = we drop the tilde: 
A = aAo(t, w) Y\(w — a,) 
B = BoPMo(t,w)Y[{w-Pi) 

where Ao and Bo a- re real analytic in t and complex analytic in w, zero at the 
origin, arising from Aq and Bq which are real analytic in t and complex analytic 
in z. 



A = t' 



l + 0(t)) 



(5) 



The power d is the sum of the 74, one 7, for each <Zj that goes to zero as 7^ for 
7i > 7. Similarly, we have numbers e and / such that 



B = t e t^B(l + 0(f)) 
5 = t / i S7 S(l + 0(t)) 



(6) 
(7) 



No ambiguity will result from using / for this power of t since in this meaning, 
it will always occur in an exponent, and the Weierstrass function / never occurs 
in an exponent. We define 



K := (R-Qh+{e-d). 



(8) 



When 7 = 7i, so we are working with the principal, or first-ring, roots, then 
K = kji . 

We review the formula for the unit normal. The function g in the Weierstrass 
representation, which is the stereographic projection of the unit normal N, is 
given by g(z) = iB/A, and the normal itself is given by 



N 



1 



2Re (3) 
2Im(ff) 



W + 1 

We write A for the complex conjugate of A. Substituting g = iB/A, we have 

1 



(9) 



N = 



1 + \B/A\ 2 
Expressing this in terms of B/A, we have 

1 

N = 



-2lm(B/A) 
2Re{B/A) 
-1 + \B/A\ 2 



t K B/A, and hence 



It follows that 



l + t 2K [B/A[ 5 

2 N - ' 



-2Im(B/A) 
2Rc(B/A) 
-1 + t 



4.2K 



Im (B/A) 



Re 



(10) 



(11) 
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Lemma 3 Suppose that on compact subsets of the w-plane away from the zeroes 
of A, N converges to (—1,0,0) as t goes to zero. Then 

(i) A, S, and B are real; 

(ii) the on and Q are real and the fli are real and/or occur in complex- 
conjugate pairs. 

Remark. The hypothesis is certainly true for the first ring of a,;, the principal 
roots. We will later show inductively that it is true for all the rings of a^, i.e. 
when each j n is used to define w. 

Proof. First we prove that cti does not have positive imaginary part. Suppose, 
for proof by contradiction, that it docs. Then consider a circle of radius p about 
cti, where p small enough that the entire circle lies in the upper half plane and 
each other on is either inside or outside the circle. Then by hypothesis, on 
the boundary of the circle, N goes to (—1,0,0) as t goes to zero. Hence the 
Gauss map covers the upper hemisphere inside the circle, so the eigenvalue is 
less than 2, contradiction. That contradiction proves that cti does not have 
positive imaginary part. 

Let Y(w) := 2 u{f<w). Then 

q + 1 

where r is as in ([T]). 

t = X{w) = f A 2 S + B 2 Sdz 
Jo 

= i2 d+ 2Q 7+ /+s 7+ i / A 2 s + t 2lc m 2 dw(i + o(t)) 

Jo 

by ©,([7]), ©, and |(5J). The condition that N converges to (—1,0, 0) away from 
the zeroes of A can be succinctly expressed as JC > 0, since the stereographic 
projection of the normal is given by t^M/A. Hence the term in t K can be 
absorbed into the error term, and we have 

f"W 

Jo 

and hence 

Y (w) = _^_f(?+l)(2d+2Q7+/+S7+D / A 2 ScMl + 0{t)) 

9 + 1 Jo 

On the other hand 

/> w 

Y(w) = i(2d+2Q7+/+S7+l) Im / A 2 §dw + (t(2rf+2Q7+/+S7+2)) 

Jo 

It follows that 

Im / A 2 Sdw = 
Jo 
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since it is independent of t but from the two previous equations must be 0(t), 
since q > 0. Therefore the polynomial J™ A 2 Sdw is real on the real axis. It 
follows that its coefficients arc real. Hence the coefficients of its derivative A 2 S 
are real. Hence the roots of A 2 S, which are the on and Q, come in complex- 
conjugate pairs. But we proved above that no at has positive imaginary part. 
Hence they arc all real when t — 0. Similarly, the Q do not have positive 
imaginary part, since u l has no branch points for t > 0. Hence the Q are real 
when t = 0. 

Similarly, with Z(w) = 3 u(t~ l )w in place of Y , we find 

i>W 

Im / ABS = 
Jo 

That is, L AM&dw = is real on the real axis. Therefore also its derivative 
ABS is real on the real axis. But ABS is a polynomial; since it is real on the 
real axis, its coefficients are real. We have already proved that AS is real on the 
real axis; hence B is also real on the real axis. Hence its roots, which are the bj 
when t = 0, are real or occur in complex-conjugate pairs. That completes the 
proof of the lemma. 



7 The eigenfunction 

In this section, we compute the eigenfunction of the variational problem asso- 
ciated with the second variation of area. This is shown in [5] to be <fi — u t ■ N , 
where ut = du/dt is the "tangent vector" to the one-parameter family, and TV 
is the unit normal. The calculations in this section are similar to those in [3], 
but applying to the whole ui-plane rather than only to compact subsets away 
from the ol%, and applying not in the vicinity of the roots going to zero at the 
slowest rate, but also to the inner "rings" of roots. 

Only two assumptions will be made for our eigenfunction computation: we 
assume that e > d and R > Q. (See {JSJ> , ©, ([7]), and (JHJ) for the definitions of 
these quantities.) These assumptions imply that the power of t that goes with 
B is larger than the power of t that goes with A. In the case 7 = 71, we have 
b = d = and R = m + k — N and Q = m — N, so the inequality in question 
is m + k — N>m — N. This assumption ensures that the unit normal, whose 
stereographic projection is B/A, is equal to t to a positive power time B/A, so 
that on compact subsets of the u;-plane away from zeroes of A, the unit normal 
tends to (—1,0,0). Specifically we have 

E. f (B~Q)i+(e-d)^ 

A A 
= by© 

and the exponent of t is positive, by our assumptions. Differentiating the Wcicr- 
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strass representation for u, we have 

d 



2«t 



dt 



Re 



J*(A 2 S + B 2 S) dz 
ij*{A 2 S~B 2 S) dz 
2i J* ABS dz 



Expressing this in terms of A and B we have 



2u t = —Re 
dt 



t2d+/ i (2Q+S+l) 7 J-« ( ^2g 
it 24f/ t (*3+S+lh J"(A3« 



2/C TO 25 



§) + O(i)) 
!)dio(l + 0(4) 



2^2d+/ t (2Q + s+i) 7 +K j» ABSdu;(l + 0(t)) 
where the power of t in the last term is calculated thus: 
e + d + f+(R+Q + S+l)-y = 2d+ f + {2Q + S+1) 1 + 1C 



by 



Since the expressions for these exponents are a bit unwieldy, we shorten them 
by introducing 



M 



2d + / + (2Q + S + 1) 7 



Then we have 



A 2 dw = t 



M 



dw 



M+K. 



A 2 dz 
B 2 dz 



(12) 



(13) 

(14) 
(15) 



The equation for it t becomes 



2u, 



dt 



Re 



t M /" (A 2 S + t 2lc M 2 §) dw{l + 
it M J Q w (A 2 S-t 2,c M 2 S) dw(l- 
2it M+K f™ ABSdw(l + 0(t)) 



0{t)) 
-0{t)) 



The rule for differentiating with respect to t in this situation is found by applying 
the chain rule as follows, where d/dt means the partial derivative with respect 
to i, holding z fixed, and d/dt means the partial derivative with respect to t, 
holding w fixed. 



dH/dt 



OH 

~&t 
dH 

~dt 
dH 

~&t 

dH 

~dt 



dH dw 
dw dt 
dt-^z dH 

dt dw 

dH 



jt-t-h 



dw 



jt-t-H"* 



w 



dH 

dw 
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The final result for differentiating with respect to t is then 



dH _ dH _ x ^dH 
dt dt ^ dw 

Applying this rule we find, omitting for legibility the (1 
should multiply every term, 



(16) 

0(f)) factors that 



2u t 



Re 



-Re 



-Re 



t M ~ x M Jo A 2 § dw + t M + 2K ~\M + 2/C) Jo M 2 $dw 
it M - x M J W A 2 § dw + it M+2K - x {M + 2JC) J™ B 2 § dw 
2it M+lc ~ 1 (M + K.) J Q W AB8 dw 

r t^^A^Sw + t M+2K - 1 M 2 Sw 
it M -^k 2 Sw + it M+2K - l M 2 §w 

t M M§- t J w A 2 Sdw + t M+2lc (M + 2K)-g- t J Q W B 2 § w 
it M Mf t J W A 2 $dw + it M+2K {M + 2JQ& J w M 2 Sdw 
2it M+K {M +lC)-§- t J W ABS dw 



Note that the last terms, involving d/dt, have one higher power of t and are 
in some sense "error terms" that were legitimately neglected when considering 
convergence on compact subsets away from the a;. In addition to those terms 
there is also the term 0(l)u t resulting from differentiating the (l + 0(t)) factor. 
That term has one more power of t than the terms shown, and can be absorbed 
into the (1 + 0(t)) factors multiplying each term. 

Combining the first two vectors into one, and dividing by the leading power 
of t, the unwritten factors of (1 + 0(t)) and the terms involving d/dt can be 
expressed as the 0(t) in the following formula: 

2u t 



t M- 



Re 



M J Q A 2 § dw - 7 A 2 S w + t 2K {{M + 2/C) J B 2 
(Mi J Q W A 2 Sdw - iyA 2 §,w + it 2lc {{M + 2/C) J Q W 
2it K {M + K) J W ABS dw - jAMSw) + 0(t) 



\dw ~jM 2 E>w) +0(t) 
n 2 E> dw ~-/M 2 E> w) + 0(t) 



Taking the dot product with TV, we have the following formula for the eigen- 
function, valid in the whole w-plane, including subsets that contain the zeroes 
of A: 

(17) 



t M- 



^N] Re (m A 2 §dw--fA 2 Sw + 0(t)j 
+t 1K [ 1 N]Bje[M + 2JC) / M 2 Sdw-jM 2 Sw + 0(t) 
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fN]Im[ M 



-t k ^(M + IC)[ 3 N}2lm 



2 Sdw -~fA 2 Sw + 0{t) 

M 2 Sdw - jM 2 Sw + 0(t) 



ISdw ~~fAB§w + 0(t) 







We can now substitute for 1 N, 2 N, and 3 N to express the formula entirely in 
terms of B and A. We get (after multiplying by the denominator and changing 
the signs of both sides) 



-1(1 + i 



2/C| 



t M-l 



[^ 7 Im(l/A)]Re ( M / A 2 S dw - -yA 2 B w + 0(t) 



+t 2Kl \t K ~<lm 



Re ( (M + 2K) 



2 §dw-~fM 2 §w + 0(t) 



[^Rc(B/A)]Im ( M / A 2 § dw - 7 A 2 § w + 0(t) 



Im [M + 2K.) 



Idw - jM 2 Sw + 0(t) 



+t K ^{M + 2)C)( - 1 + i 2K>/ |B/A| 2 ^ AMSdw - 7 AB§w + 0(t) 

Combining real and imaginary parts and dividing by another we find the 
formula in the following lemma. 

Lemma 4 The following formula for the least eigenf unction of u l in terms of 
N is valid everywhere, even near the zeroes of A: 



-(l + t 2/c T|B/A| 2 ) 



Im 



(1/ 









A 2 S dw -7A 2 Sw + 0(t) 



l-t 2lc ^\M/A\ 2 llm 



(M + IC) / M§dw-jABSw + 0(t) 



+t Kj li 



(M + 2/C) 



Idw ~"fM 2 Sw + 0(t) 



Proof. This was proved above. 



Lemma 5 The following formulas for the least eigenfunction of u l in terms of 
N is valid for convergence on compact subsets of the w plane away from the 
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zeroes of A, provided t^B/A = 0(t) on those subsets. 
-1 



ImjSfx/ A 2 §dw - 7 A 2 §w ) - (M + K) I AMSdw - 7 ABS™ + 0(t) 



= ImjS^X^ A 2 $dw- j - (M+K)J^ AME,dw + 0{t) 

Remark. The provision that t K M/A = 0(t) is the same as providing that TV 
approach (—1,0, 0) on those subsets. It is certainly true when 7 = 71, and later 
we will inductively show it is true on the inner rings of roots as well. 
Proof. The first formula of the lemma follows from the previous lemma by 
replacing t^B/A with 0(t). The second formula follows by canceling two terms 
in the first formula. 

We now define the function H by 

iffi r w r w 

U(w) = T M A 2 §dw-(M + lC) ABS dw (18) 
A Jo Jo 

Then by the previous lemma we have 

-2 

Im H = lim 



t^ £(M+/C) 7 -l r 

on compact subsets of the w-plane away from the zeroes of A. A crucial question 
is whether H is constant or not. If it is constant, then all the visible terms cancel 
out, and we can thus get no information from them. If it is not constant, we 
can get some information by the asymptotic behavior of H near the origin or 
near a;. 



8 What is true if H is not constant 

In this section, we suppose that 7 is one of the 7„, that z = t 7 w, and that TV 
goes to (—1, 0, 0) on compact subsets away from the zeroes of A. This condition 
we call the "TV-condition" . Since 

B r- B 

— = t — 

A A 

the TV-condition can be succinctly expressed as JC > 0. The ai are the coefficients 
of the at in this ring of roots, i.e., ai = a^ 7 (l + 0{t)), and we define ai = for 
roots that go to zero faster than t 1 . Similarly for the (3i and Q . We refer to the 
roots that go to zero as t 1 as "principal roots" , and the roots that go to zero 
faster as "fast roots" . 
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Lemma 6 Suppose the N -condition holds. Then 

(i) There is at least one principal on or Q, i.e., at least one or Si goes to 
zero as t 1 . 

(ii) IfM. is not constant, then no a% or Si goes to zero faster than t 1 . 

Proof. Let P be the total number of fast roots. Let Q, S, and R be the total 
number of Oj, Sj, and bi going to zero faster than t 7 . Let a be the product of 
the nonzero a, (all of which are real) over the Oj that go to zero as t 1 . Let j3 
be the product of the nonzero fa. If the fa are not real, they come in complex 
conjugate pairs, by Lemma [31 so the product (3 is real. Let ( be the product of 
the nonzero Q, which is real since all the Q are real. (Do not confuse a with a, 
which is the product of the a* over the slow roots, i.e. the ones going to zero 
slower than t 1 .) 

We wish to analyze the asymptotic behavior of H near the origin. We will 
show that, if H is not constant, its leading term is a nonzero real constant 
times (3w p+1 . Once we have done that, we can proceed as follows: Since H is 
not constant, its imaginary part, which is a multiple of the least cigenfunction, 
must have only one sign in the upper half plane, and that is possible only if 
P = 0. Therefore, there are no fast roots, which is conclusion (ii) of the lemma. 

It remains to prove that H has the stated asymptotic form. We analyze the 
first formula of Lemma [5j rather than the second one. Letting t go to zero in 
that formula and using the definition of EI we have 

M j A 2 Sdw -7A 2 Smj (19) 

-{M + K) j ABS dw - 7 ABS w 
Jo 

Consider the second term in that equation, namely 

{M+K) / ABS dw - 7ABS w. 
Jo 

The total number of "fast roots", i.e. roots going to zero faster than t 1 , is 
Q + R + S. At least one of the ai or bi or Sj is a principal root, that is, it goes 
to zero as t 7 , not faster. There the total number P of fast roots among the 
<2j, bi, and Sj is strictly less that Q + R + S. Therefore it is not the case that 
ABS = 0{w( Q+R+s ^~>). Indeed, asymptotically for small w, ABS is a constant 
times w p . Hence, asymptotically for small w, this term has the form cw p+1 for 
some nonzero real constant c. The value of c is 



M + K 
P+l 7 



(The constants a, etc., are defined in the first paragraph of this proof.) To see 
that c is not zero, we recall the definitions of M and K: 

M = 2d + f + {2Q + S+l)j by (2J 
K = {R-Q)j+{e- d) by © 
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Adding, we find M + JC> (Q + R + S + 1)7, and since P < Q + R + S, we have 
M + K. > (P + 1)7. Hence c ^ as claimed. Summarizing our result so far we 
have 

pin 

(M+IC) / ABS dw — 7 ABS w; = cw p+1 
Jo 

Now consider the behavior of the hrst term in (|19p near the origin, namely 
IB / \ 

T [M A 2 §dw- 7 A 2 §w . (20) 



Suppose, for purposes of contradiction, that there are no principal or Sj, that 
is, all the principal roots are among the hi. Then a = £ = 1 (so those factors 
do not appear in c) and 



J 2Q + S+1 



and 

7 A 2 § W = 7 a 2 C W 2Q+S+1 
so the first term of ([TO)) comes to 

^^o^tH"' 20 ^ 1 (21) 

In the outer ring, where M = -f(2m + 1) = (2Q + S + 1)7, this would make the 
entire term vanish, but in the inner rings, M can be larger. Subtracting the 
contributions of the two terms as given in (f2Tj) and (|20|) , we have 

ImH = cw p +i B PaCp( 2Q ^ - 1 - 7 )^ 2Q+S+1 (22) 

Suppose, for proof by contradiction, that these two terms cancel. Then 2Q+S = 
P (i.e. no bi is a fast root), and the coefficients must cancel too. That means 



= af3(f3B 



M + IC 
P+l 7 



Canceling af3(/3B we have 



= 



M + IC 
P + l 



B Ba([ — 7 

^\2Q + S+1 [ 



M 



2Q + S+1 



Remembering that 2Q + S = P, the denominators are equal, and we have = /C, 
contradicting the hypothesis that the TV-condition holds. That contradiction 
shows that the two terms do not cancel. But by the assumption that all the 
di and Si are fast roots, we have 2Q + 5 + 1 < P + l. Hence by ([22]) . ImH = 
O(vo p+1 ). That proves part (i) of the lemma. 
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It follows that the leading terms of the two parts of (f2"0|) do not cancel, 
and the asymptotic form of (|20|) is a constant times w p+1 . The constant is 
a/3(B af3( [M/(2Q + S + 1) - 7]. The first term of JTSJ) has the leading term 

and the second term has the leading term 

If there is at least one fast bt then the second term has a higher power of w than 
the first. But even if the two terms have the same power of w, we have 

line = 0(w 2Q+s+1 ) 

Hence if H is not constant, we must have Q = S = 0, since otherwise ImH will 
take two signs in the upper half plane. Thus all the a\ and s% are principal, i.e. 
go to zero as V . That completes the proof of the lemma. 

Lemma 7 If H is not constant, and the N -condition holds, then at each cti, 
either B/A has a simple zero or a simple pole, or is analytic non-vanishing at 
04. 

Proof. Let q be one of the 014. Then by Lemma [3l q is real. We note that 
J A 2 § dw > since A 2 § is, up to multiplication by a power of t and a factor 
(1 + 0(i), the derivative u x of the minimal surface u along the rr-axis, which is 
nonnegative since u takes the boundary monotonically, and can be zero only at 
the origin. The following analysis works for q = as well, but then we do not 
start out knowing f£ A 2 Sdw ^ 0. 

Wc will make an analysis near q similar to the analysis we made above near 
zero. Thus the role played by the fast roots above will be played now by the 
roots that converge to q when t goes to zero. We re-use the letters "P" , "Q" , 
and "S" with new meanings: Let Q be the number of ctj that are equal to q, let 
P be the number of (3j that are equal to q, and let S be the number of Q equal 
to q. Let (i be the product of a — (3j over the j such that (3j ^ q, (so (3 ^ 0); let 
a be the product of q — a>j over the j such that otj 7^ q; and let £ be the product 
of q — Q over the j such that Q ^ q. We consider the behavior of the terms in 
(fl"§|) for w near q. Let w = q + £. We have 

• rq {2Q+S+1 

A 2 Sdw = / A 2 Sdw + a 2 (a 2 (^ + 0(e Q+S+2 ) 

2Q + S + 1 ' 



Jo 



^-e- Q (i+o(0) 



The coefficient of £ in the 1 + 0(£) term is ^ l/(q — f3j) — 1/(9 — a j) where 
the sum is over the roots not equal to q; but the exact form of the error term 
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does not matter. We have 

A 2 dw = Mt^-Q [ 
aa 



C2Q+S+1 

~a 2 (a 2 C ^ 5 : + 0(£ 2C ?+ S + 2 ) 



' 2Q + S + 1 

f-9 



1 (1 + 0(0) 



^ [ q A 2 sd W e p - Q + * oa 5 e +Q+s+i + o(c p - Q+i ) 

aa J 2Q + S + 1 



/ ABS dw = / ABSdw + Boa/JCa/^C^-^T; 5 + 0(£ P+Q+S+2 ) 

jo Jo p + <y + <s + i 

The last two lines can be combined using (fTO|) to yield the following 



where 



c 2 = (2m + 1)B ^? f 9 A 2 S dw. 
aa J 



We proved in the first paragraph of this proof that the integral appearing in ci 
is not zero, and j30/(aa) is not zero either, since it is a quotient of products of 
nonzero numbers. Unless |P — Q\ < 1, i.e. P = Q±lorP = Q, the imaginary 
part of the leading term C2^ p ~^ will not have one sign in the upper half-plane. 
Therefore, P = Q±lorP = Q. That completes the proof of the lemma. 

9 What is true if EI is constant 

In this section we draw out some consequences of the assumption that H is 
constant. 

Lemma 8 If H is constant, then 

\ K/M 



and B/A is a polynomial. 

Proof. Let Q be the rational function B/A. The formula for H becomes 



= M- J A 2 Sdw -(M + K) J AMSdw 
= MQ J A 2 3dw — (M+JC) J A 2 Q§ dw 
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Differentiating with respect to w we have 



MQ' J A 2 Sdw + MQA 2 S- {M + /C)QA 2 § 
MQ' J A 2 Sdw -/CA 2 §Q 



The equation has one solution 

K/M 

2« 



Q = I J A z Sdw 

Since it is a linear equation, every solution is a multiple of that one; but as w goes 
to infinity, Q must be asymptotic to Bq(/3 / 'a)w k , so that condition determines 
the solution uniquely. We have now proved 



A 2 S dw 



K/M 



K/M 

A 2 § dw ' 



B _ B f3 
A ~~ ~a~ 

Multiplying by A we have 



This equation shows that B vanishes wherever A does, and to at least as great 
an order. Hence the rational function B/A is actually a polynomial. That 
completes the proof of the lemma. 

Lemma 9 Assume that N goes to (—1,0,0) on compact subsets of the w-plane 
away from the zeroes of A. IfW(w) is constant, then, for the ai and hi that go 
to zero as t 1 , and R, Q, and S are the numbers ofbi, cij, and Sj going to zero 
strictly faster than t 1 (the "fast roots") then we have R = (2Q + S+1)]C/A4 + Q. 
In particular R > Q. 



Proof. By the previous lemma we have 



A^Sdw 



K/M 



Asymptotically near the origin we have 



2 ®dw = "'f w 2 Q +s+1 (l + 0(w)) 
2Q + S+1 y y " 



and hence 

K/M / 2/ \ K/M 



' 2sdw J = ( 2 Q + g + i ) ™ (2Q+S+1)K/M {i + OH) 
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and hence 

td a / 2/- \ K/M 



a \2Q + S + 1 / 

= cw {2Q+s+1)lc/M+Q (l + 0(w)) for some constant c ^ 
= OT W+s+i)W(i + OW ) 

Equating the exponents of the leading terms on left and right we have 

R = {2Q + S + l)K/M+q 

as required in (vii). That completes the proof of the lemma. 

The following lemma reverses the above calculations, giving a sufficient con- 
dition for H to be constant. 

Lemma 10 Suppose K = M{p-q) and B/A = c(f™ A 2 dw) p ~ q for some con- 
stant c. Then H is constant. 

Proof. We have 



= M-J A 2 dw-{M+K)J ABdw 



o Jo 

J A 2 dw-(M + K) J AB dw 

Mc[ J A 2 dw\ - (M+K.) J AM dw 



Differentiating with respect to w, we have 

dm 

dw 



= Mc(p 


-q- 


1-1) (J A 2 dwY q A 2 - (M 


= M{p- 


-q + 


1) f^J A 2 - (M + fC)AB 


= M( P - 


-q + 


1)AB - (M + /C)AB 


= (M( P 


-?) 


+ X)AB - (7W + /C)AB 


= {M{p 


-?) 


-/C)AB 



= since /C = M. (p — q) by hypothesis 

We have proved dM/dw = 0; hence HI is constant. That completes the proof of 
the lemma. 



10 Gaussian area and the eigenfunction 

We next draw some consequences from the calculations of the eigenfunction and 
the properties of H. 
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Lemma 11 Suppose that on compact subsets of the w-plane away from the 
zeroes of A, N converges to (—1,0,0) as t goes to zero. Then it is not the case 
that both points (1,0,0) and (—1,0,0) (the "east pole" and "west pole") can be 
covered by N in the vicinity of one cti . 

Proof. Fix a disk Di centered at on and excluding all other on . Consider a point 
£ in Di at which the normal takes on (1,0,0) or (—1,0,0). We will show that 
if one of these is taken on in Di, the other cannot be. At £ we have 1 A = ±1, 
and 2 N = 3 N = 0. The formula (fT7|) calculated above for the eigenfunction (j> 
in terms of A (before eliminating A in favor of A and B) shows that at such a 
point £ we have 

-jj^T<t> = 1 NRe ^M^A 2 §dw - A 2 (£)§(£)£ + O(i)^ 

= 1 ^c(l + 0(£-a l )) + 0(t) 

where c is the constant Ai A 2 ScZ£. The constant c is nonzero since (i) cti is 
real, by Lemma[3J and and (ii) the integrand A 2 § is nonnegative on the real axis, 
because u takes the boundary monotonically and u x = t M+2d+ f A 2 S(l + 0(t)), 
and (iii) a* ^ 0, since Oj goes to zero as t 1 . 

As t goes to zero, £ will converge to 014, since by assumption outside every 
disk centered at a*, A converges to (0, 0, —1). (We do not require that £ depend 
smoothly on t; a sequence of values of t going to zero will suffice, or even a 
single choice of t depending appropriately on the constants hidden in the O(t) 
and 0(w) terms.) Therefore the 0(£ — a,) term goes to zero too. For small 
enough t, we see that the sign of <fi(w) is equal to the sign of X N if a > 0, or 
is opposite to the sign of N if a < 0. In particular, for all such points in the 
vicinity of a fixed <Xi, the sign of 1 N is the same, since the sign of <fi is the same 
in the entire upper half plane. That completes the proof. 

The significance of this lemma is that the Gauss map, considered as a cover- 
ing map, covers at most one hemisphere (plus 0(t)), since if it could be extended 
across the narrow strip near the YZ plane where the image of the boundary 
must lie, it would reach the other of the two points in question. Of course it 
covers a full sphere (within 0(t)) in a small disk around a^, since the normal 
takes on the north pole at each a, (t) , but it could conceivably take all 4ir of its 
Gaussian area in the lower half plane, rather than one hemisphere in each half 
plane. 

Wc say that a,i contributes Gaussian area if, in the vicinity of cti, the normal 
restricted to a small upper half-disk covers an area at least 2ir — 0(t) on the 
sphere. To make this definition precise, let D p be a disk of radius p about a, in 
the £-plane, and let D^ be its intersection with the upper half plane. Then a, 
contributes Gaussian area if, for every p > 0, N(D^) has area at least 2tt — 0(t) 
for sufficiently small t. 

Since the normal N is a projection mapping (away from its ramification 
points), and since the image of the boundary is confined to within 0(t) of the 
YZ-pl&ne, as soon as takes on a value more than 0(t) from the YZ-pl&ne 
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(in Df) then on contributes Gaussian area. In particular, if TV takes on the 
"east pole" (1,0,0) or the "west pole" (—1,0,0) in for every t > 0, then a.i 
contributes Gaussian area. 

Lemma 12 Suppose that on compact subsets of the w-plane away from the ze- 
roes of A, N converges to (—1,0,0) as t goes to zero. If on contributes Gaussian 
area, then 

(i) There exist two points in the £-plane, say eqi(t) and eq2{t), both converg- 
ing to cti as t goes to zero, such that 2 N (eq\(t)) = 1 + O(t) and 2 N (eq2(t)) = 
— 1 + 0(t). In particular these two points have the same sign, since they both 
are near cti. 

(ii) eqi(t) can be found in such a way that eqi(t) has a limit as t goes to 
zero, and even depends analytically on a rational power of t. Therefore such 
expressions as A[£ := eqi(t)} are analytic in a rational power of t, and have 
limits as t — > 0. 

Proof. The stereographic projection of the unit normal N is given by i fe7 B/A. 
The condition demanded in the lemma therefore has the geometric meaning 
that N should be horizontal at eq(t). Pick a small number p. Let D be the disk 
of radius p about af, let D + be the part D lying in the upper half-plane. By 
hypothesis, contributes Gaussian area, so it is not the case that N(D + ) lies 
within 0(t) of the YZ plane. Then N does cover one of the points (—1,0,0) 
and (1, 0, 0). 3 N is —1 + 0(t 2k ) at the endpoints of the interval [a — p, a + p], 
and indeed on the entire circle dD, by the hypothesis of the lemma. 

Ad (i) : In Lemma [TT] we proved that the Gauss map in the vicinity of cti 
covers at most one of the two possible hemispheres. By hypothesis it covers 
at least one of them, since it covers either (—1,0,0) or (1,0,0) and can be 
continued from there over either the half-space X > 0(t) or the half-space 
X < 0(t). The pre-image of the equator over D + , that is, the set of points w in 
D + such that 3 N(w) = 0, must lie in either the half-space X < 0(t) or the half- 
space X > 0(t); otherwise both points (1, 0, 0) and (—1, 0, 0) would be covered, 
contrary to Lemma [TT] According to that lemma, at most one of those points 
is covered, and as remarked above, at least one of them is covered. Suppose 
that (1,0,0) is covered (the argument is similar if (—1,0,0) is covered). Since 
away from the boundary, N is a covering projection, we can find a path n in 
D+ such that N(n(t)) lies on the equator, and ^(^(0)) = (1,0,0). This path 
can be continued in both directions (even through possible ramification points) 
until the image reaches (—1,0,0), or until Tr(t) reaches the boundary of Df. If 
it does reach the boundary of D + , it has to be on the real axis that it does 
so, since on the circular part of the boundary, N(t) = 0(t 2k ). If ir(t) reaches 
the boundary before 7V(7r(<)) reaches within 0(t) of the XZ plane, then we 
have a contradiction, since the image under N of the boundary must lie within 
0(t) of the XZ plane. If 7V(-7r(t)) reaches the XZ plane and passes more than 
0(t) beyond the XZ plane before ir(t) reaches the boundary of D + , then the 
path can be continued all the way to (—1,0,0), since it cannot hit the boundary 
except when the image is within 0(t) of the XZ plane. But by Lemma [TT1 the 
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path cannot be continued to (—1,0,0). Hence n(t) must reach the boundary of 
D + while N(n(t)) is within 0{t) of the XZ-plane. Then that value of ir(t) can 
be taken as eqi(t). Since the path on the sphere that goes along the equator 
can be continued in both directions, one end of n terminates in eq\(t) and the 
other end in eq2(t). 

Ad (ii): The zero set of 3 N is defined by a quotient of functions analytic 
jointly in £ and t. Its zero set therefore consists of a finite number of curves 
parametrizable as analytic functions of a rational power oft, by LemmaQ] That 
completes the proof. 

Lemma 13 Assume that N goes to ( — 1,0,0) on compact subsets of the w- 
plane away from the zeroes of A. If on contributes Gaussian area, then H is not 
constant. 

Proof. Suppose, for proof by contradiction, that H is constant. By Lemma[5]wc 
have 

By JIO]) we have 



2n= (l + 0{t))2t^i 



A 2 + t 2K W 

We now substitute w := eqi(t) into this equation, where eqi(t) and eq2(t) are 
the two points of Lemma fT2l Then the two terms in the denominator are equal, 
and we obtain 

2 N[w:=e qi (t)} = (l+OW)^- 

= < 1 + < 
Substituting for A/B using (|2"3"|) we have 

>N [w :=e qi ( t)] = 1 + 



K/M 

B J* qdt} A 2 Sdw* 

The denominator is not zero, since A 2 § > because u takes the boundary 
monotonically, and eqi(t) converges to c^. Since eqi(t) and eq2(t) both converge 
to at , they have the same sign. Therefore the right hand side of this equation 
has the same sign for i = 1 and i = 2. This contradicts Lemma [T2l which says 
that the left-hand side takes values near 1 and -1 (in some order) for i = 1,2 
and t small but positive. That completes the proof. 



11 Descending through the rings of roots 

Recall that the roots a^, bi, and fall into "rings", where each ring of roots goes 
to zero as t ln , and 71 > 72 . . .. For each ring we can consider the corresponding 
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to-plane, where z = t lir w. In each ring we can consider the H for that ring. 
Let us abbreviate by the phrase "TV-condition" the proposition that TV goes to 
(—1,0,0) on compact subsets of the u>-plane apart from the zeros of A. The 
TV-condition depends on n, since the power of t used to define the w-plane for 
the n-th ring of roots is 7„. If the n-th ring satisfies the TV-condition, and H 
for ring n is constant, then by Lemma [51 there are more fast TVs than there 
are fast a,'s, so the n + 1-st ring also will satisfy the TV-condition. This is the 
fundamental observation behind the following lemma: 

Lemma 14 (i) For some n, if 7 = 7„ and w and H are as defined above, then 
H is not constant. 

(ii) 7 = 71, i.e. all roots belong to the first ring; all the a, are principal and 
real, the do not occur, and each ai contributes 2ir in Gaussian area. 

(Hi) At each at, B/A has a simple pole or simple zero, or is analytic non- 
vanishing. 

(iv) All the bi are also principal. 

Proof. According to the Gauss-Bonnet-Sasaki-Nitsche formula, some root a, 
must contribute Gaussian area; in fact the total extra Gaussian area contributed 
in the upper half plane near origin must be 2mir. Suppose, for proof by contra- 
diction, that H is constant on all the rings of roots. Then, as sketched above 
and shown below in detail, the iV-condition holds on all the rings. Then, by 
Lemma [T3l no Gaussian area can be contributed. This contradiction will prove 
part (i). 

It remains to check the details of the claim that the TV-condition will hold 
on ring n + 1 if it holds on ring n and H is constant on ring n. The TV-condition 
is equivalent to B/A — 0(t). Let R n and S n be the number of roots that go to 
zero as or faster than j n , and let e n be the sum of n^ for i < n, where rij is 
the number of 6, that go to zero as tj; and let d n be the sum of for i < n. 
where rij is the number of a, that go to zero as t] . Then in the n-th ring we 
have 



^ = t K — 



D 
A 

A 

Assuming that the TV-condition holds for ring n, we have 

e n - d n + j(Rn - Qn) > 0. 

When we pass to ring n + 1, the roots that go to zero slower than t^ +1 include 
those that contributed e„ — d n at ring n, but also those that go to zero as t ln . 
Those now contribute to e n +i —d n +i the powers of t that they were contributing 
to B/A, making no net change in the power of t in B/A. The remaining roots, 
the roots that go to zero faster than t ln , now contribute a factor t' u+1 instead 
of the former t ln . Therefore the TV-condition will hold at ring n + 1 if there are 
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more of the bi going to zero faster than i 7 ™ than there are a% going to zero faster 
than t 7 ™ . But that has been proved in Lemma [9l That completes the proof of 
part (i). 

Ad (ii). According to the Gauss-Bonnet-Sasaki-Nitsche formula, a total of 
27rm in extra Gaussian area must be contributed by the a*, of which there 
arc 2m — N . According to Lemma 111! in the vicinity of each a, at most one 
hemisphere is covered. Since in a small disk about a, the number of sheets over 
the north pole in the covering of the sphere by N is equal to the number of 
a.j that converge to that on, the Gaussian area contributed in the vicinity of 
on is 2-7T times the number of &j that converge to that on. The that go to 
zero slower than V contribute nothing, by Lemma [TBI since on those rings H is 
constant and the TV-condition holds. By Lemma [6l part (ii), no goes to zero 
faster than i 7 . Hence all the Gaussian area is contributed on the first ring of 
roots where H is not constant, and it is 2-7T times the number of a, in that ring. 
But the total must be 2nm, so there must be 2m of the a%. Hence N = 0, i.e. 
the Si do not occur. Moreover, by Lemma part (i), in each ring there is at 
least one principal a% or sf, but we have just proved there are no Sj, so in each 
ring there is a principal a*. Then the ring where EI is not constant must be the 
first ring, since all 2m of the dj occur in that ring. Moreover, by lemma the 
a.i are real. That completes the proof of part (ii). 

Ad (iii). This follows from Lemma [7] since H is not constant. 

Ad (iv). If some of the b% are "fast" roots, i.e. go to zero faster than £ 7 , then 
the next ring contains some bf, but by parts (i) and (ii), it contains no a; or Sj. 
Since there are then more fast bi's than ai's, the next ring would also satisfy 
the A-condition. But then the fact that there are no a% or s» in the next ring 
contradicts Lemma |6l part (i). That completes the proof of the lemma. 

Remark. Tony Tromba asked whether our proof requires an appeal to external 
references to know that the branch point is not a false branch point. It does 
not, and the key reason why not is our application of the Gauss-Bonnet-Sasaki- 
Nitschc formula. The surfaces u l for t > must contribute Gaussian area. 
Therefore H is not constant, as we have shown. That means that the surfaces 
u are not simply "sliding" over the same geometrical surface as t becomes 
positive; there is a normal component, with some power of t, to the motion. In 
the next section we show that k/(2m + 1) is an integer, which would be the case 
for a false branch point, but a minimal surface with a false branch point would 
have to be a function of z 2m+1 , i.e., every term would have to have a power 
divisible by 2m + 1, whereas intuitively it is the failure of this condition that 
makes H not constant, although we do not have a direct proof of that. 

12 k/(2m+ 1) is an integer 

In this section, we will deduce the result in the section title by analyzing the 
leading terms (leading power of t and its coefficient as a function of w) of 
the imaginary parts of A, B, and AB. Specifically, we are referring to the 
imaginary parts of these functions on the boundary, which may or may not have 



32 



the same power of t as the same functions considered on the plane. Our plan 
for this analysis is simply to compare the expressions given for the surface on 
the boundary by (a) the analytic parametrization of the boundary and (b) the 
Weierstrass representation. 

We begin with an elementary lemma. 

Lemma 15 Let f be meromorphic. For real w we have 

Jm(f w ) = 2Re((Im /)„,). 

In particular if f is real for real w then Im (f w ) = 0. 

Proof. Let / = U + iV, with U and V real, and let w = u + iv. Then f w = 
U w +iV w = (U u -iU v )/2+i(V u -iV v )/2,soIm(f w ) = (-U v +V u )/2 = V u by the 
Cauchy-Riemann equations. On the other hand (Im/) m = V w = (V u — iV v )/2 
and the real part of this is V u /2. but this is (Im/) ffi for real w. That completes 
the proof of the lemma. 

It will shorten many of our formulas to use the following definition: 



A 2 dw (24) 
For example, the definition of H, given in (fTg|) becomes 



U(w) = - (2m + l)cr - (2m + k + 1) / AB dw (25) 
A J 

Note that a is defined using A, not A, so it depends on t and it has an imaginary 
part on the boundary. We claim that the leading powers of t in Im A and Im a 
are the same. To see this we differentiate the definition of a with respect to w, 
to obtain 

a w = A 2 

Taking the imaginary part we have Im(a w ) = 2AImA = 2AImA(l + 0(t)). 
Hence o~ w and A have the same leading power of t. Integrating with respect to 
w does not change the leading power of t, so a has that same leading power, as 
claimed. 

The main task in this section is to prove something about the leading powers 
of t in A, B, and AB. Eventually we want to characterize them in terms of the 
geometry of the boundary curve T. The following lemma gives a preliminary 
result. 

Lemma 16 Suppose that Im a and Im (AB) are not identically zero ( on the 
boundary) for positive t. Then the leading power of t in ImAB is equal to the 
leading power of t in ImA. 

Proof. Whether or not k/(2m + 1) is an integer, we have, in a neighborhood of 
infinity, 



a k/(2m+i) = (V m+1 (l + 0(w 2m ) + 0(i))^ 



fc/(2m+l) 
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fc/(2m+l) 

W k l 1 + 0(w 2m ) + 0(t) ' 

The 0(t) term represents terms that may contain higher powers of w, but also 
contain at least one power of t. For fixed w, these terms go to zero with t. Thus 
the order of convergence implied is, holding w fixed, t goes to zero first. This 
expression is analytic in 1/w and t (for example because it can be expanded 
using the binomial series), so we have 

CT fc/(2m+l) = w *(l + 0{l/ W )+0{t)) 

where the 0(1/ w) term is analytic in 1/w and t. Therefore the reciprocal of 
this expression has the form 

a -k/(2m+l) = w -*(l + 0(l/ W )+0(t)) 

Since also B/A = w k (l + 0(1 /w) + 0(t)), we have 

l + 0(l/w) + 0(t) 

1 + cw~ J + 0(w- J - 1 ) + 0(t) (26) 



(T fe/(2m+l) 



for some J > 1 and constant c ^ 0. Letting t go to zero we have 

= l + cur' + OCtT'- 1 ) (27) 

If k/(2m +1) is an integer then we are dealing with a rational function, and 
we have J < k, since the worst case (largest J) is when all the coefficients 
in numerator and denominator are identical except the constant term. (Then 
J = k and the constant c is the difference of the constant terms.) But if 
k/ (2m + 1) is not an integer, we have no idea how large J might be. 
Now we return to the main equation for H, given above as (|25|) : 

B f w 
H = — (2m + l)cr - (2m + fc + 1) / AB dw 
A Jo 

Taking the imaginary part we have 

ImH = Im ^S(2m+ 1>J -1m f(2m+ k + 1) J AMdw^j 
We can rewrite (f26| as 

| =a k ^ 2m+1 \l + cw- J + 0(t)). 
Putting this value into the previous equation we find 

ImH = ln\(o k/{2m+1) (l + cw- J + 0(t))(2m + l)(j^j 

-Im ( (2m + k + 1) [ AB dw 
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Collecting powers of a we have 

ImH = Im| ( 7 (2m+ ' £+1)/(2m+1) (2m + l)(l + cu.- J + 0(t)) 

-(2m + fc + l) / ABdwt (28) 



The imaginary part of cr ( 2m + fc + 1 )/( 2m + 1 ) has the same leading power of t as the 
imaginary part of cr, as we shall now prove: Since (Imcr)/(Rccr) = 0(t) we have 

(2m+fc+l)/(2m+l) 

r (2 m +fc+i)/(2m+i) = (Recr + jlma 



(R-)(i + * Re(j 



Im(J \ \ (2m+fc+l)/(2m+l) 



(2m+fc+l)/(2m+l) 



= (Re (r )(2m + fc+l)/(2m+l) A + • W 

\ Re a, 

Expanding the power using the binomial series we have 

cr (2m+fe+l)/(2 m+ l) = (Rc (T) (2 m + fe+l)/(2 m+ l) A + . 2w + fc + 1 Im a Vj + 0(t)) 

\ 2m +1 / 

and taking the imaginary part we find 

lma (2m+k+l)/(2m+l) = 2m + fc + 1 ^ (2m+fc+1)/(2m+1) 

2m + 1 v w; 

That proves the assertion that the imaginary part of cr ( 2m + fe + 1 )/( 2m + 1 ) has the 
same leading power of t as the imaginary part of a. 

Now assume, for proof by contradiction, that the imaginary part of AB has a 
higher power of t (on the boundary) than the imaginary part of a (which is the 
same as the leading power of t in the imaginary part of A) . Therefore in (|28p , 
the last term is negligible, and outside of some large interval [-R, R] centered 
at the origin, we have 



ImH 



Im | CT ( 2 '»+fc+i)/( 2 ™+i) (i + cw- J )(2m + 1)1(1 + 0(t)) 



We can write the error term as a multiplicative factor 1 + 0(t) because the first 
term has the same leading power of t as Imc. The left-hand side must be zero 
for all t, since the eigenfunction vanishes on the boundary, but for sufficiently 
small (but positive) t, the right side is not zero, by the hypothesis that Im, a 
is not identically zcroO This contradiction completes the proof that Im AB has 



5 Note that these equations are all valid only on the boundary, so we are not considering the 
imaginary part of anything in the upper half plane here. In particular we are not appealing 
to the fact that Im H has only one sign in the upper half plane. 
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its leading power of t less than or equal to the leading power of t in Im a. Now 
assume, for proof by contradiction, that strict inequality holds. Then in ([28]) , 
the last term on the right dominates the first term on the right, and we have 



Iml 



-(2m + k + l)Im 





Bdwj 







But by the second hypothesis of the theorem, the right-hand side is not identi- 
cally zero for positive t, contradiction. That completes the proof of the lemma. 



We now state the main result of this section: 
Lemma 17 k/(2m + 1) is an integer. 

Proof. We will analyze the leading powers of t (on the boundary) in Im A, ImB, 
and ImAB. In the following computations, we use = instead of = to indicate 
the omission of terms with higher powers of t than the leading powers of t in 
the terms that are explicitly shown. For example A = A; but we cannot write 
Im A = Im A since the left side is zero. Since all these expressions arc analytic in 
t and w, they can be differentiated, and as long as the first term is not constant, 
the results will still be =. 

We recall that the boundary curve T is parametrized by a parameter r (equal 
to the X-coordinate of the surface) so that 



r' = 



1 

C 2 T«(H-0(t)) 

C 3T P(l + 0(t)) 



The point of using r rather than arc length is that the first coordinate in this 
equation is exactly 1. 



Ui 



dT 

d , 



(2m+l)7 



U T jt 



C 



(2m+l)y— 1 



d_ 

dw 

(2m 



l 2 dw + t^ 2m+k+1 ^ / B 2 dw 
Jo 

t (3m+l)7 / K 2 dw + t {2m+k+1 ^ 



' dw 



■ dw - A 2 w 



2T* 

C.tP 



7t (3m+l) 7 -lJ ( 2m + 1) 



' dw - . 



by (TTll) 



On the other hand from the Weierstrass representation we have 



^Rc Jq A 2 dw 
ilm J™ A 2 dw 
t k flm f™ AM dw 
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dt dw 



(2m + 1) f™ A 2 dw-A 2 w 
Im ^(2m + 1) f™ A 2 dw - A 2 w 

i fc T(Im ( (2m + fc + 1) AB dtu - AMw 



7t (2m+i) 7 -i 



The first component Ut gives identical results in both computations, but equat- 
ing the second components in the two calculations, we find 



C2Tr 5 t (2m+ih-i / ( 2m + l) / A 2 dw-A 



Now 



7t (2m+i) 7 -i Im (i 2 m + 1) J A 2 dw-A 2 

t (2m+l) 7 y A 2 dwJ (l + 0(*)) 



(29) 



(2m+l) 97 



(1 + 0(0) 



We simplify the appearance of that equation, and those to follow, by using a as 
defined in ([24]) . which we repeat here: 



= / A z dw. 
'o 



Then the previous equation becomes 

T g = t i2m+1)(n a q {l + 0{t)) 

From ([29]) we have 

(7 27i (2m+l)97 t (2m+l) 7 -l (j9 f^ m + ^ _ A 2 

= 7^ 2m+1 > 7 - 1 Im^(2m+l)cr-A 2 u^ 

Dividing both sides by 7 f( 2m + 1 )i'~ 1 we have 

C 2 i (2m+1),7 (T«^2m+l)(T-A 2 wj = Im^(2m+l)(T-A 2 u/j (30) 

The coefficient on the left is not identically zero, since (2m + l)er — A 2 ?« = 
if and only if A = w ,n , which cannot be the case since there is at least one 
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principal by Lemma 1141 In detail: if (2m + l)er = A 2 w; then differentiating 
with respect to w, we have 

(2m + 1)A 2 = 2wAA„, + A 2 
2mA = 2wA w 
A w m 

A w 
log A = m log w + c 

= log cw m 

A = cw m 

= w m since the leading coefficients on both sides are 1 

Having established that the coefficient on the left of (|3T)|) is not identically zero, 
we now have proved that the leading power of t on the left is the one shown, 
namely f( 2m + 1 )9T, Hence that is also the leading power of t on the right, that 
is, in Im((2m + l)cr — A 2 w). In particular, it is not the case that Imcr or ImA 
is identically zero for positive t, since if either one is zero, so is the other one 
and then the right hand side of ((30|) would be zero, contradiction. Hence the 
first hypothesis of Lemma [TBI is satisfied. 

It would be nice to conclude that the imaginary parts of both a and A 2 also 
have leading term t^ 2m+1 ' qn/ , but there remains the possibility that the leading 
powers of t in the imaginary parts of a and A 2 are lower than (2m + 1)<77, but 
they cancel out. Hence, for now, we can only conclude that the leading powers 
of t in a and in A (and hence A 2 ) are the same, and are less than or equal to 
We introduce the letter L for this power: 

Im A = ct L for some c 

and we note that we have proved 

L< (2m + 1)^7 (31) 

Similarly, comparing the two calculations of 3 it t , we find 

C ^(2rn+l)p 7(T p + 1 y _ A 2 , 



W 



i fc7 Im^(2m + fc + l)^ AB dw - AM u?j 



As above, the coefficient on the left side is not identically zero as a function of 
w. Hence the right side is also not identically zero. It follows that Im (AB) is 



6 Note that the degree of the leading term in t of ImA, as a polynomial in w, could be 
much higher than 2m + 1; since everything was originally analytic in i and z, high powers of 
w must come with high powers of t, but there can also be lower powers of w that come with 
high powers of t. If Im A really contains terms up to «)( 2m + 1 ) , J , most of them must come from 
Aq, of which we have no direct knowledge, rather than from the a^, which might, for all we 
know, be exactly ait 1 with no higher powers of t involved. 
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not identically zero for positive t; hence the second hypothesis of Lemma [TH] is 
also satisfied. Moreover, the leading power of t in Im (AB) is less than or equal 
to ((2m + l)p - fc)7- 

Since both hypotheses of Lemma [TBI have been verified, it follows from that 
lemma that Im AB has the same leading power of t as than Im A, namely t L . In 
view of 

Im (AB) = AlmB + BImA 

and the fact that A and B are real when t = 0, it follows that the leading power 
of t in ImB is greater than or equal to L. 

We now calculate the derivative of H. Starting from 



(2m+l)- / A 2 dw - (2m + k+ 1) / AMdw 



wc find 



d /B\ f w B d f w 

M w = (2m + l)— / A 2 dw + (2m + 1)^— / A 2 dw 
dw\AJ Jo ; AdwJ 

d f w 

-(2m + k + l)— AMdw 
dw J 

= (2m+l)Ur / A 2 du; + (2m + l)-^A 2 - (2m + fc + 1) 
\Aj w Jo A 

( B \ ( w 
= (2m + 1) / A 2 dw — fcAB 



This can be considered as a differential equation satisfied by / 
M w = (2m. + 1)/'/ A 2 dw-kA 2 f 



or in terms of a, the same equation reads 

U w = (2m+l)f'a-ka w f (32) 

We emphasize that in this section, we are only considering this equation on the 
boundary, that is, for real w. Since (even for t > 0), the imaginary part of H is 
zero on the boundary, we also have In^H.^) = on the boundary, by Lemma 

OS 

Let F(w) be the coefficient of the leading power of t, say t J , in Im(B/A). 
Then by definition of J and F we have 

ImS = t J F(w) + 0(t J+1 ) 

Then F is a quotient of real-analytic functions. We claim J > L. To prove this: 

B ReB + ImB 

A RcA + IniA 
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xx 1 + ImB 
(l + 0(t)) =- 

A(l + ^ 

ri + iml)(i - 
(i + o(*))- £ — 

, , , f B Imi BIm A 

(1 + 0(t))< -7- H — • 



Im T = (l + 0(t)) 



A 2 

ImB BIm 7 



A- 



The leading power of t on the left is t J , and on the right is either i L or some 
larger power, which is possible if the terms on the right cancel. Hence 

J > L (33) 

Since the 0(t J+1 ) terms above are analytic, they can be differentiated. Differ- 
entiating (f33|) we have 



Taking the imaginary part of the differential equation (f3"2"|) we have 

f f B \ \ B MB 

ImW w = (2m + l)Im f f ^ ) )a + (2m + 1)— Im<r - kk 2 Im — - k—lmA 2 

\\AJ,J A A A 



(2m + l)Rc Im - 



+ (2m + 1)— Imcr - fcA 2 Im-^ - fc^ImA 2 by Lemma [151 

J A A A 

(2m + 1) U j fJ\ a + (2m + l)2lm a 

-/cA 2 Im 5 - fcSlm A 2 + 0(i J+1 ) by (El 
A A — 



(2m + lHi' 7 -^ )cr+ (2m+l)^Imcr 



-kkh J F - A;— Im A 2 + 0(i J+1 ) by El 
A 

By definition of a (see ([24)) ). we have A 2 = a w . Putting that into the previous 
equation and regrouping the terms, we have 



= (2 m + 1) [t J F w j a - ka w t J F 

IB 

+ --Im{(2m + l)cr-fcImA 2 }+0(t' /+1 ) by {33 
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On the left side we have exactly zero, even for positive t, by Lemma [15] Wc 
have 

Im {(2m + l)a - kk 2 } = Im { (2m + \)a — A 2 } — Im (k — 1)A 2 
The first term has leading power 

f(2™+i)87 j an d the second one has leading 
power t L . We have L < (2m + l)qj by (f3"Tj) . so the leading power of t on the 
left side is exactly L. Define G(t,w) by the following equation: 

t L G(t,w) :=Im{(2m + l)(7-fcA 2 } (35) 

Then G is analytic in t and w, and is not identically zero when t is zero. Now 
we rewrite the previous equation, putting in G(t,w): 

= (2m .+ l)(t J F w ja- ka w Ft J + t L jG(t,w) +0(t J+1 ) by {33j 

Dividing by t" 7 and letting t go to zero we have 

IB 

= (2m + l)F w a - ka w F + t L ~ J -^G(t,w) + 0(t) 

A 

The first two terms are analytic away from the on when t = 0. Since G is not 
identically zero when t = 0, wc must have L = J. That is, the leading power 
of t in A and a is the same as that in B/A. We can thus drop the factor t L ~ J , 
since it is 1: 

B 

= (2m + l)F w a - ka w F + -^G(t, w) + 0(t) 

A 

Now divide the equation by (2m + l)Fa. We find 

Fw k a w M G(t,w) 

F 2m + 1 a A (2m + I) Fa 1 ' 

Define 

where the 0(t) term is the one in the previous line, so we have 

t 2m + 1 a 

Then R is a quotient of real-analytic functions, which is analytic when t = 
and u> is away from the c^. Integrating the equation, we find 

k f w 

logF = logo - — / R(t,w) + c for some constant c 

2m + 1 J 

= \oga k/{2m+1) - / R(t,w)+c 



Jo 

CT fc/(2m+l) 

log — 77^77—— — r for some other constant c 

tJ I /-/(-full 



ce J o 
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and raising e to both sides we find 

n k/(2m+l) 

F = 



The left side is real- analytic away from the a^. Since EI is not constant, all the 
roots arc principal, by Lemma 1141 That is, none of the converges to zero; 
hence F is analytic at the origin, and from ([55]) we see that R is also real-analytic 
at the origin when t = 0. It follows that <7 fc /( 2m + 1 ) is real-analytic at the origin. 
Since all the roots are principal, we have a = J Q A 2 dw = aw(l + 0(w) + 0(t)). 
Hence o- fe /( 2m+1 ) is analytic if and only if k/(2m + 1) is an integer. Therefore, 
k/(2m + 1) is an integer. That completes the proof of the lemma. 

The following elementary algebraic lemma will be needed when the previous 
lemma is applied. 

Lemma 18 Let F and G be two different polynomials of degree at most k, each 
with constant coefficient 1. Then there exists an integer J < k and constant 
c =/= such that for small £ we have 



F(x) 



l + cx J + 0{x J+1 ) 



G(x) 
Proof. Let 

F(x) = l + ai + ...a k x k 

G{x) = l + b 1 + ...b k x k 

and let J be the least number such that aj ^ bj. Then J < k since by hypothesis 
F and G are not equal. Define 

h(x) := 1 + . . . + aj-xX J ~ l . 

Then the degree of h is at most J — 1 (though it may be less) and we have 
h{x) = l + 0{x). 

F{x)-h(x) = ajx J + 0{x J+1 ) 
G(x)-h(x) = bjx J + 0{x J+1 ) 



Possibly a, j = or bj = but not both, since a,j ^ bj. Then 

F(x) h(x) + (F(x) - h(x)) 

G(x) ~ h(x) + {G{x) - h(x)) 



F{x)-h{x) 

h(x) 
G(x)~h(x) 

h(x) 

ajx J +0(x J+1 ) 

h(x) 
bjx J +Q(x-'+ 1 ) 
h(x) 



1 

1 + a,jx J + Q(x J+1 ) 
l + bjx J + 0(x J + 1 ) 



since h(x) = 1 + 0(x) 
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Now we can apply the identity 

1 



i-£ + o(£ 2 ) 



to obtain 

= (l + a T x J + 0(x J+1 )){l-b ; x J + 0{x J+1 )) + 0({bjx J + 0{x J+1 )) 2 ) 

G(x) 

= 1 + (a j - bj)x J + 0(x J+1 ) 

Since aj — bj ^ we can define c = a,j — bj. That completes the proof of the 
lemma. 



13 Finiteness 

We are going to prove a theorem limiting the number of relative minima of 
area with a given boundary. To state such a theorem precisely, we must fix a 
topology to use in defining "relative minimum." Once a topology is fixed, a 
relative minimum is a surface u such that there exists a neighborhood of u (in 
the chosen topology) such that no surface in that neighborhood has smaller area 
than u. As usual in Plateau's problem, we work with harmonic surfaces. 

We wish to use the C n topology. First consider whether it is a stronger 
theorem for smaller n or larger n. A priori it might be possible to decrease 
area by a C° variation but not by a C n variation, but if area can be decreased 
by a C n variation, that same variation counts as a C° variation. Therefore a 
C° relative minimum is automatically a C™ relative minimum, but not vice- 
versa. Thus if there were infinitely many C° relative minima, there would 
automatically be infinitely many C" relative minima. Taking the contrapositivc, 
if there cannot be infinitely many C" relative minima, there cannot be infinitely 
many C° relative minima. Thus the theorem will be stronger, when we use the 
C™ topology for as large an n as possible. 

Unfortunately, our result depends on the regularity result that a relative 
minimum cannot have an interior or boundary branch point, which at present 
is known only for the C° topologyQ When and if this regularity result is proved 
for larger n, our proof will immediately apply to the C" topology; but for now 
we can prove it for the C° case. 

Theorem 3 Let V be a real- analytic Jordan curve in R 3 . Then T cannot bound 
infinitely many disk-type minimal surfaces which are relative minima of area 
in the C° topology. What is more, T cannot bound infinitely many immersed 
disk-type minimal surfaces whose least eigenvalue satisfies A m j n > 2. 



^Interior regularity for relative minima is proved for the C 1 topology in PQ, and Tromba 
has an unpublished proof of interior regularity for relative minima in the C™ topology, but 
boundary regularity is still open even for C 1 . 
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Remark: As usual in Plateau's problem, we are counting two surfaces that differ 
only by a conformal reparamctrization as the same surface. 
Proof: First, observe that the second claim of the theorem implies the first, 
since relative minima of area are immersed, by [24| [no true interior branch 
points] , pi)] [no false branch points] , and [TS] [no true boundary branch points 
if the boundary is analytic], and satisfy A > 2, since if A < 2 then the second 
variation of area is negative. 

In [5] , the theorems of [7] about the structure of the set of minimal surfaces 
bounded by T are used to prove (in Theorem 5.1) that if T is a real-analytic Jor- 
dan curve in i? 3 , such that T cannot bound a one-parameter family of minimal 
surfaces u l with u* immersed for t > 0, and each u* having least eigenvalue 2, 
then the conclusion of the present theorem holds. It therefore suffices to prove 
that r cannot bound such a family u*. 

In previous sections we have introduced notation which we continue to use. 
In Lemma H4l we have proved that H is not constant. Therefore by Lemma [T4l 
the Si do not occur, all the a, are principal and real, and at each Oj, H has 
a simple zero or a simple pole. Until the previous section, we have examined 
H only in the neighborhood of particular points; and there, we examined its 
behavior at infinity only on the boundary. To complete the proof we will examine 
its behavior at infinity in the upper half plane. 

As in the previous section, let a := J Q A 2 dw. We have from (f3"2"|) that 
/ = B/A is a solution of the differential equation 

™ ., k . 
J a ~ o — r- r<W 



2m + 1 2m + 1 

Multiplying both sides by (x k K im +i)-\ an d dividing by - 2fc /( 2m + 1 ) we have 

M w f a k/(2m+l) _ ( CT fc/(2m+l))^/ 

(2m + l)cr fc /( 2m + 1 ) + 1 a 2k/{2m+\) 

/ 



r fc/(2m+l) 

Multiplying both sides by the denominator of the left side, we have 



(2m+l)^C^i) + i(_ 7 ^_ 7 y 



Looking at the behavior for large w, we have 



2m+l 

^ 2 dw = + 0(w 2m ) 

2m + 1 v ; 



(T 



a k/(2 m +i) = C3W fc + ( w *-i) for some c 3 

fe/(2m+l) + l r^i, 2m + k+1 -4- (llm 2m + k 



= c 3 w 2m+k+1 + 0(w 2m+k ) (37) 



/ = B/A = tu* + 0(w k ~ 1 ) 
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Hence f J a k l& m+1 > has both numerator and denominator asymptotic to w k . 
This fraction is not identically 1, since then M w would be zero, and H would 
be constant, contradicting Lemma [Til By Lemma [171 k/(2m + 1) is an integer. 
Whether or not it is an integer, we have 

= l + cw- J + 0{w- J - 1 ) (38) 



,fc/(2m+l) 



for some J > 1 and constant c. But since fc/(2m+l) is an integer, we arc dealing 
with a rational function, whose numerator and denominator are polynomials of 
degree k. In that case we have J < k, since the worst case (largest J) is when the 
numerator and denominator have all their corresponding coefficients the same 
except the constant coefficient, and in that case J = k. For a more rigorous 
proof, divide numerator and denominator by w and then introduce £ = 1/w; 
now we have polynomials in £ of degree k, each having constant coefficient f . By 
Lemma [TBI there is some J < k and some nonzero constant c such that the ratio 
of these polynomials is asymptotic to c£ J . That is, the quotient of the original 
polynomials is asymptotic as w goes to infinity to cw~ J . With the bound J < k 
established, we continue the argument as follows: 



= (2m + l) < j k ^ 2m +^+ 1 (- l 

\<7* 



f 



r fc/(2m+l) 

= (2m + l)w 2m+fe+1 (l + cw~ J + Oiw--'- 1 ))' by j37j and @S) 
= (2m + l)w 2m+k+1 {- Jew-- 1 - 1 + 0{ur J - 2 )) 
= -J(2m + l)cw 2m+k - J + 0{w 2m+k+J - 1 ) 

It is permissible to differentiate the big-0 term because it represents functions 
analytic in w. Integrating, we have 

m = - J(2m + l)c w 2m+k- J+l + Q , w %m+k- J) 
2m + k + J + 1 

The big-0 term can be integrated as shown because it represents functions 
analytic in w. Since ImH must have one sign in some neighborhood of infinity, 
we must have 2m + fc — J+l = ±1. That is, J = 2m + k + 1 ± — 1. Since 
fc/(2m + 1) is an integer, and hence J < k as shown above, subtracting J from 
each side we have 

= 2m + 1 + (k - J) ± 1 

> 2m + (fc — J) 

> 2m since fc — J > 

> 1 

where we have used Lcmma[T3]to infer that m > 1. This contradiction completes 
the proof. 
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14 Open Problems and Conjectures 



The theorem proved here could possibly be generalized by weakening any of 
these hypotheses: (i) that the boundary is real-analytic; (ii) that the surfaces 
considered are of the topological type of the disk; or (hi) that the surfaces 
considered are relative minima of area. All questions formed by weakening one 
or more of these hypotheses are open. These questions are all "equal conclusion" 
strengthenings of the theorem, formed by weakening the hypotheses. We will 
comment on these questions one by one below. 

There is also an interesting "stronger conclusion" version of the theorem, in 
which we ask for an explicit bound on the number of relative minima as a func- 
tion of the geometry of the boundary curve T. Our ignorance is scandalous: Not 
counting curves for which uniqueness is known, there is only one Jordan curve T 
known for which anyone can give an explicit bound on the number of solutions 
of Plateau's problem (of disk type) bounded by T. That curve is "Enneper's 
wire" T r (the image of the circle of radius r in the usual parametrization of 
Enneper's surface), for values of r slightly larger than 1, and the bound is three. 
This bound follows from the theorem of Ruchert [35] that uniqueness holds up 
to r = 1 and the theorem of [6] characterizing the space of minimal surfaces 
bounded by T r in the vicinity of Enneper's surface for r = 1. The following con- 
jecture, for example, seems presently out of reach: if the real-analytic Jordan 
curve r has total curvature less than or equal to 67r, then it bounds at most two 
relative minima of area (of disk type). We do know that there can be no such 
estimate for the number of minimal surfaces (minimizing or not), since Bohmc 
proved in [8] that for any e > and any n, there is a real-analytic Jordan curve 
with total curvature less than 47r + e bounding more than n minimal surfaces. 
But these are branched surfaces, not relative minima. 

Since Enneper's wire bounds two relative minima when the total curvature 
exceeds 4-7T, we could expect to string together sequences of Enneper's wires 
with small bridges connecting them, obtaining for each n a Jordan curve with 
total curvature Amr + e bounding (at least) 2 n relative minima (as well as some 
unstable minimal surfaces). Since we seem to have to increase the total bound- 
ary curvature to get many solutions of Plateau's problem, we might hope that 
for some explicitly given function F, we might have, for all real-analytic Jordan 
curves T of total curvature less than 2im, there are at most F(n) relative min- 
ima of area. As far as we know, this might be true with F(n) = 2" . Thus: 
(when n = 2) curvature less than 4-7T implies uniqueness (which is known); when 
n = 3, curvature less than 67r implies at most two relative minima (the conjec- 
ture mentioned above); when n = 4, curvature less than 87r implies at most 4 
relative minima (also, of course, not known). 

Next we take up the possible "equal conclusion" versions. First, what about 
weakening the smoothness of the boundary to C"? Then we have some trou- 
bles about the boundary branch point representation, but perhaps that can be 
solved adequately. A more pressing difficulty is that we then cannot control the 
dependence of the zeroes, poles, and ramification points of the Gauss map N on 
the parameter t. There is also a third difficulty: even the proof of Tomi's theo- 
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rem that there can't be infinitely many absolute minima does not go through for 
C°° boundaries, because the regularity result that a minimum of area cannot 
have a boundary branch point is still an open problem for C°° boundaries. 

Second, what about generalizing the theorem to other topological types of 
surfaces or boundaries? Frank Morgan has given an example |20j of a boundary 
consisting of four circles, such that it bounds a continuum of unstable minimal 
surfaces of arbitrarily high genus. That still leaves open the finiteness prob- 
lem for relative minima. I conjecture that a system of real analytic Jordan 
curves cannot bound infinitely many relative minima of any fixed orientable 
topological type (that is, any fixed number of boundary components and Eulcr 
characteristic). For non-orientable surfaces, there is a problem in that the least 
eigenfunction no longer has one sign. Instead, it has just one nodal line. Thus 
even Tomi's argument that there cannot be a loop of minimal surfaces all of 
which are absolute minima of area fails to go through for surfaces of the type of 
the Mobius strip. That is the simplest open question for non-orientable surfaces: 
can there be a one-parameter family of absolute minima of surfaces of the type 
of the Mobius strip? 

Incidentally, another paper of Morgan [19] gives an example of a curve in R A 
that bounds a continuum of absolute minima of disk type. Therefore we cannot 
generalize the theorem to higher dimensional spaces. 

Third, what about dropping the requirement that the surfaces be relative 
minima of area? Then our methods say nothing at all, since they all depend on 
analysis of the least eigenvalue and its eigenfunction. The only known results 
(other than uniqueness theorems) along these lines are two "67r theorems" , both 
of which assume that T is a real-analytic Jordan curve whose total curvature is 
less than or equal to 67r. In [4], it is proved that such a curve cannot bound 
infinitely many minimal surfaces (stable or unstable). Earlier, Nitsche proved 
that same conclusion (see §A29 of [22], p. 447) using the additional hypothesis 
that r bounds no minimal surface with branch points. At the time of Nitschc's 
proof, the forced Jacobi fields had not yet been discovered. In [1] , the theory of 
the forced Jacobi fields is used. 

Appendix: Dictionary of Notation 

To assist the reader we provide in one place a summary of the notations used 
in more than one section of this paper. This summary is provided as a memory 
aid, not as a list of complete definitions. The symbols are more or less in order 
of introduction; there is no natural "lexicographical" order for such a variety of 
symbols. 

X, Y, Z coordinates in R 3 

r a real-analytic Jordan curve in R 3 , 

tangent to the X-axis at the origin 
u — u a one-parameter family of minimal surfaces, 
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analytic in t in some interval [0, to] 
t the parameter defining that one-parameter family 

2 u the second component of the vector u = 2 u, 3 u). 

z = x + iy the parameter used to define u 

u* is analytic in a closed upper half-disk in the z-planc 
N the unit normal to u* 

g the stereographic projection of the Gauss map TV 

u t subscript denotes differentiation: ^ 

A m in least eigenvalue 

4> u t • N. If nonzero, this is an eigenfunction for eigenvalue 2. 

n and x <t> = i™X- 

/ 1 u z — 2 u z , occurs in the Weierstrass representation of it* 

2m order of the boundary branch point of u (when t = 0). 

Si branch points in the lower half plane for t > that converge to as t — > 0. 

N There are 2N of the Sj. Hopefully no confusion will arise with N the unit normal. 

di zeroes of /. The a, depend analytically on i. There are m — N of these. 

6, zeroes of fg 2 . The 6j depend analytically on t. There are m + k — N of these. 

7„ The n-th ring of roots consists of a,, fr, , and that go to zero as i 7 " . 

7 One of the j n . 

principal roots those flj, 6; and s, whose leading term is t 71 
Qfi coefficient such that a, = a^i 7 + (9(t 7+1 ) 

ft coefficient such that b t = fti 7 + 0(i 7+1 ) 

coefficient such that Sj = fit 7 + 0(t 7+1 ) 

cci, ft, and (, are used only when non-zero, i.e. for the roots that go to zero as t 1 . 
a product of all the — <Xi over roots going to zero slower than t 1 

(3 product of all the —ft over roots going to zero slower than t 1 

C product of all the — Q over roots going to zero slower than t 1 

A A = A U"=i N ( z ~ a so / = A2 i and = 1 when t = 

B B = B Q mL^iz h) so fg 2 = B 2 

Bq the constant in the previous line 

s s=n^i (*-*(*)) 

C complex constant, value of Bq when t = 

w = z/V a "blow-up" of the parameter domain 
0(t) refers to convergence on compact subsets of the w-plane 

away from the a, 

0(t) refers to convergence on compact subsets of the w-plane 

(possibly including the Oj) 
q = r when expressed in terms of w and t, the coefficients of the 

lowest power of t in q and r agree as functions of w. 

That is: q = r(l + 0(t). 

A A = UT=i N ( w - a i) 80 A = i (m_Ar)7 A(I + 0(t)) 

A does not depend on t 

B B = CU?=i k ~ N (w ~ ft) so B = t^ m+k - N ^M(l + 0(t)) 

B does not depend on i, and C turns out to be real. 
A = t (m - N ^A(t, w) defines A 



48 



s 




a, 




b, 




Si 




Ao(t, 


"') 


Bo(t, 


"') 


\ 




X° 
H 




(7 




r 





= t^ m+k - N ^M(t,w) defines B 
S*(z) = t 2N ^S(t, w) defines § 

a, = aj/t 7 

b, = V* 7 

A {t,w) = A (t,Pw) 
M (t,w) = B Q (t,Pw) 
■vim} - Ww) 

X shows what happens to the eigcnfunction in the w-plane. 
limit of x when t goes to 

complex analytic function such that x° = — ImH 
abbreviation for f™ A 2 dw in the last two sections 

the parameter used to parametrize the boundary curve, equal to the X-coordinatc 
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